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Abstract

A locally conformally Kdhler (LCK) manifold is a com-
plex manifold admitting a Kahler covering, with the mon-
odromy acting on this covering by holomorphic homoth-
eties. We define three cohomology invariants, the Lee
class, the Morse-Novikov class, and the Bott-Chern class,
of an LCK-structure. These invariants play together the
same role as the Kéhler class in Kahler geometry. If these
classes coincide for two LCK-structures, the difference be-
tween these structures can be expressed by a smooth po-
tential, similar to the Ké&hler case. We show that the
Morse-Novikov class and the Bott-Chern class of a Vais-
man manifold vanish. Moreover, for any LCK-structure on
a manifold, admitting a Vaisman structure, we prove that
its Morse-Novikov class vanishes. We show that a com-
pact LCK-manifold M with vanishing Bott-Chern class
admits a holomorphic embedding into a Hopf manifold, if
dimc M > 3, a result which parallels the Kodaira embed-
ding theorem.
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1 Introduction

1.1 Cohomological invariants of LCK-structures

A locally conformally Kahler (LCK) manifold is a complex manifold M (in
this paper we shall usually assume dimc M > 3), equipped with a Hermitian
metric w in such a way that a certain covering M of M is Kahler, and its
Kahler metric is conformal to the pullback of w by the covering map. In
this case, we have dw = w A 6, and the 1-form 6 is called the Lee form of
M. Tt is easy to see that 6 is closed: indeed,

O=d*w=ddAw+0NONw=dIAw,

but the multiplication by w induces an embedding A%(M) — A*(M) if
dimc M > 3l The LCK-manifolds are often considered up to conformal
equivalence; indeed, a manifold which is conformally equivalent to an LCK-
manifold is itself locally conformally Kéhler.

If one performs a conformal change, w; = efw, the Lee form # changes
to 61 = 0+df. The cohomology class [f] € H'(M) is an important invariant
of an LCK-manifold. Clearly, [#] € H'(M) vanishes if and only if w is
conformally equivalent to a K&hler structure. In this case (M,w) is called
globally conformally Kahler.

Another, more subtle, invariant of an LCK-manifold is called the Mor-
se-Novikov class of [w] € HZ(M), defined as follows. Recall that the
Morse-Novikov cohomology, also known as Lichnerowicz cohomology (de-
fined independently by Novikov and Lichnerowicz in [L] and [N]) is the
cohomology of the complex

0

Ay 8 At () 8 =0 ..

A%(M) (1.1)
"When dimc M = 2, one defines LCK-manifolds in the same way, but df = 0 should
be assumed as a part of the definition.
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with 6 a closed 1-form (see Section Bl for a more detailed exposition). It is
well-known that the cohomology Hj (M) of (1)) is naturally identified with
the cohomology of the local system given by the character (M) — R>
associated with the cohomology class [0] € H'(M).

An LCK-form w on an LCK-manifold satisfies dw = w A 0, therefore it
is (d — 6)-closed. The cohomology class [w] € H3(M) is called the Morse—
Novikov class of the LCK-manifold. It is an invariant of the LCK-
manifold, roughly analogous to the Kéhler class on a Kéhler manifold.

The third, even more subtle, cohomology invariant of an LCK-manifold
has a complex-analytic nature; it is a Morse-Novikov version of the usual
Bott—Chern class of a closed (1, 1)-form.

On a compact Kéahler manifold, an exact (p, q)-form 7 satisfies

n=00a, «c APTHTHM). (1.2)

This statement (which is called global d0-lemma) fails to be true on non-
Kahler manifolds; however, the corresponding complex

L ArLelag) 90 ppa(g) 983 APLa(AL) @ AP (M) s -
(1.3)
is still elliptic. Its cohomology groups H g’_q (M) are called the Bott—Chern

cohomology groups of M (see e.g. [Te]). Explicitly, the Bott—Chern
cohomology groups are:

Pya _
H (M) =

ker <Apvq(M) 2, AP“vq(M)) (M ker <Apvq(M) 2, Apvq“(M))

im <AP—1vq—1(M) 9, Ap’q(M)>

For compact Kéhler manifolds the Bott—Chern cohomology groups are iso-
morphic with the Dolbeault ones; this isomorphism is equivalent to the
00-lemma. For non-Kihler manifolds, this isomorphism does not hold any-
more.

For Morse-Novikov cohomology, a similar complex can be defined. Con-
sider the Hodge components of the Morse-Novikov differential dy := d — 0:
dg = Op + Og, with 9g = 9 — ™0 and 9y = 9 — %!, Locally, the Morse-
Novikov complex becomes the de Rham complex after a change n — n,
where 1) = ef, with f a function which satisfies df = 6. Therefore, the
complex

Ap—l,q—l(M) 89_52 AP,II(M) 3@6 A;D—l—LQ(M) @Ap,q-i-l(M) (1'4)
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is also elliptic. Its cohomology groups ng;%e (M) are called the Bott—
Chern cohomology groups of the Morse-Novikov complex.

It is possible to express Hg;%g (M) in terms of Morse-Novikov coho-
mology of M and holomorphic cohomology of a flat line bundle L, with
monodromy determined from 6 (see [Theorem 4.7).

The cohomology class [w] € H;;%Q(M ) of an LCK-form w is called the
Bott—Chern class of M.

To summarize: with every LCK-manifold, we associate three cohomo-
logical invariants: the Lee class [f] € H(M), the Morse-Novikov class
[w] € H3(M), and the Bott-Chern class [w] € Hg;%g (M). Notice that the
Morse—Novikov class can be reconstructed from the Bott—Chern class.

In different situations, these three cohomological invariants play the role
of the Kéhler class. However, unlike the Kéahler class, the Morse-Novikov
and Bott—Chern classes can be zero (the Morse-Novikov class vanishes for
compact Vaisman manifolds, see Section Bl). On the other hand, if M is
compact and non-Kéhler, the Lee class [f] cannot vanish, and if M admits a
Kahler structure, all LCK-structures on M are globally conformally Kéahler
and have [#] = 0 (a result proved by Vaisman, see [DO| Theorem 2.1]).

It is not clear whether the global 90-lemma is true for Morse-Novikov
complex, associated with the Lee form of an LCK-structure. If it is true,
then the tautological map Hél?(;%e (M) — H;’I(M ) is an isomorphism, and
the Morse-Novikov class of an LCK-manifold is the same as its Bott—Chern
class.

1.2 The space of LCK-structures

In Kéhler geometry, the Kahler form w determines the Kéhler class [w] €
HYY(M), and the difference of Kihler forms which have the same Kihler
class is measured by a potential:

wi —w = 00y

(this follows from the 9d-lemma). The space of all Kéhler metrics is locally
modelled on H' (M, R)x (C>(M)/ const). A similar local description exists
for the set of all LCK-structures on a given complex manifold, if we fix the

cohomology class [f] of a Lee form.
Let [w] € H;;%Q(M ) be the Bott-Chern class of an LCK-form w. Given

another LCK-form wi, with the same Bott—Chern class, we can write

w1 =w+dpdgp =w + @@ N0+ d°0) — O Nd°p+ 10 AN dp + dd°p, (1.5)
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where d§ = —Idgl = d° — 16. Here we use implicitly the equality
dod§ = —2+/—1 0y0y

which is the Morse-Novikov version of dd® = —2/—1 90.
For any real-valued function ¢ € C*°(M), the form (L) satisfies dw; =
wy A0, as a simple calculation implies. If

onp (\dd%o\ T dg| + !w!)

is sufficiently small, wy is also positive. We obtained that the difference of
two LCK-forms in the same Bott—Chern class is expressed by a potential,
just like in K&hler case, and the set of LCK-structures is locally parametrized
by

Hé;%e(M) X <C’°°(M) / ker d9d5>

With regard to the realization of cohomology classes by LCK-forms, one
could ask the questions similar to those asked (and sometimes answered) in
Kahler geometry.

Question 1.1. Determine all 1-forms 6 for which there exists a Hermitian
two-form w having 6 as its Lee form, and all the Morse-Novikov classes
which can be realized by an LCK-form.

Question 1.2. Let M be a compact complex manifold, admitting an LCK-
metric, and [#] € HY(M) its Lee class. Determine the set of all classes
[w] € Hé;;%e (M) such that [w] is the Bott—Chern class of an LCK-structure

with the Lee class [6].

If 0 is fixed, a sum of two LCK-forms is again LCK; therefore, the set
of possible Morse—Novikov and Bott—Chern classes of LCK-structures on a
given manifold with a fixed Lee class [#] € H'(M) is a convex cone, similar
to a Kéhler cone.

In algebraic geometry, one often finds all kind of geometric properties
of a Kahler manifold encoded in the shape of its Kahler cone. One would
expect that the LCK-cones defined above would be just as important.

1.3 Potentials on coverings of LCK-manifolds

An important special case of an LCK-manifold is a manifold with vanishing
Bott—Chern class. In [OV3], we studied the LCK-manifolds admitting an
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embedding into a Hopf manifold. We have proven a theorem, which can be
stated as follows (using the language developed in the present paper).

Recall that a linear Hopf manifold is a complex manifold of the form
Hy := (C™\0)/T 4, where the group I'y = Z is generated by =z — A(z),
where A is a linear operator with all eigenvalues {a;} satisfying |a;| <
1. If, in addition, A can be diagonalized, H, is called a diagonal Hopf
manifold. It is easy to see that H4 is homeomorphic to $%"~! x S!. Since
this manifold has by (H4) odd, it cannot be Kéhler. However, H 4 is locally
conformally Kéhler (see [GO]). In [OV3] we have studied LCK-manifolds
which admit a holomorphic (but not necessarily isometric) embedding into
a linear Hopf manifold.

The main result of [OV3|] can now be stated in terms of Bott—Chern
cohomology:

Theorem 1.3. (JOV3]) Let M be a compact LCK-manifold, dim¢ M > 3.
Then the following statements are equivalent.

(i) M admits a holomorphic embedding into a linear Hopf manifold.

(ii) M admits an LCK-structure with rational Lee class and vanishing Bott-
Chern class.

In the present paper, we explore the geometry of LCK-structures with
vanishing Bott—Chern class. We generalize [Theorem 1.3] to all manifolds
with vanishing Bott—Chern class.

Theorem 1.4. Let M be a compact LCK-manifold with vanishing Bott—
Chern class. Then M admits an LCK-structure with vanishing Bott—Chern
class and rational cohomology class of its Lee form.

Proof: See[Corollary 5.3 m

From [Theorem 1.4]and[Theorem 1.3 we obtain that an LCK-manifold of
complex dimension at least 3 admits a holomorphic embedding into a Hopf
manifold if and only if it admits an LCK-structure with vanishing Bott—
Chern class. We conjecture that the Bott—Chern class of an LCK-manifold
admitting a holomorphic embedding into a Hopf manifold always vanishes.

For an important class of LCK-manifolds a weaker form of this conjecture
can be proven. One could define a compact Vaisman manifold as an LCK-
manifold admitting a holomorphic flow acting by non-isometric homotheties
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(Subsection 2.2]). It is known ([GO], [Ve2]) that all diagonal Hopf manifolds
are Vaisman. In [OV2], we have shown that any Vaisman manifold admits
a holomorphic immersion into a diagonal Hopf manifold, and in [OV3] we
proved that for dimc M > 3 there exists an embedding into a diagonal Hopf
manifold. In fact, the assumption dimc M > 3 is not needed, because in
[Bel, all 2-dimensional Vaisman manifolds were classified, and embeddability
of those into H 4 can be easily checked using the same arguments as in [OV3].

In the present paper, we study the LCK-structures which can be defined
on a given Vaisman manifold. We show that the Morse—Novikov class of any
such structure vanishes (Theorem 6.I]), and the Lee class is rational.

2 Locally conformally Kahler geometry

In this section we give the necessary definitions and properties of locally
conformally Kéhler (LCK) manifolds.

In what follows, M will denote a connected, smooth manifold of real
dimension 2n; I will be an integrable complex structure. For a Hermitian
metric g, we denote with V¢ its Levi-Civita connection and with w its fun-
damental two-form defined as w(X,Y) = g(/X,Y).

2.1 LCK manifolds

Definition 2.1. A complex manifold (M, ) is LCK if it admits a K&hler
covering (M ,w), such that the covering group acts by holomorphic homoth-
eties.

Equivalently, there exists on M a closed 1-form 6, called the Lee form,
such that w satisfies the integrability condition:

dw =0 A w.

Clearly, the metric g := w(-,I-) on M is locally conformal to some Kéahler
metrics and its lift to the Kahler cover in the definition is globally conformal
to h.

To an LCK manifold one associates the weight bundle Lg — M. It is
a real line bundle associated to the representatio

GL(2n,R) 5 A | det A | .

! In conformal geometry, the weight bundle usually corresponds to | det A |% For
LCK-geometry, | det A |% is much more convenient.
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The Lee form induces a connection in Lg by the formula V =d — 6. V is
associated to the Weyl covariant derivative (also denoted V) determined on
M by the LCK metric and the Lee form (the Weyl covariant derivative is
uniquely defined by the properties VI = 0, Vg = 0 ® g; in this context, 0 is
called the Higgs field). As df = 0, then V2 = df = 0, and hence Ly is flat.

The complexification of the weight bundle will be denoted by L. The
Weyl connection extends naturally to L and its (0,1)-part endows L with
a holomorphic structure. On the other hand, as L is flat, one can pick a
nowhere degenerate section A satisfying

V(A =A@ (-6).

Accordingly, one chooses a Hermitian structure on L such that | A |= 1 and
considers the associated Chern connection. Then one proves:

Theorem 2.2. [Vell Theorem 6.7] The curvature of the Chern connection
on L with respect to the above holomorphic and Hermitian structure is

—2v/—1d°0.

2.2 Vaisman manifolds

Definition 2.3. A Vaisman manifold is an LCK manifold with VY-parallel
Lee form.

On a Vaisman manifold, the Lee field is real holomorphic and Killing (see
[DO]). On compact manifolds, this statement can be taken as a definition:

Theorem 2.4. [KO] A compact LCK manifold admits a LCK metric with
parallel Lee form if and only if its Lie group of holomorphic conformalities
has a complex one-dimensional Lie subgroup, acting non-isometrically on its
Kahler covering.

The structure of compact Vaisman manifolds is now fully understood:

Theorem 2.5. [OVI] Let (M, I, g) be a compact Vaisman manifold. Then:

1) The monodromy of Ly is Z.

2) (M, g) is a suspension over S! with fibre a compact Sasakian manifold
(W, gw ). Moreover, M admits a conic Kéhler covering (W x R, t2gy +dt?)
such that the covering group is an infinite cyclic group, generated by the
transformation (w,t) — (p(w),qt) for some Sasakian automorphism ¢ and
q €.
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The typical example of a compact Vaisman manifold is the diagonal Hopf
manifold Hy := C"/(A) with A = diag(«;), with |o;| < 1. The complex
structure is the projection of the standard one of C™ and the LCK metric is
constructed as follows.

Let C > 1 be a constant. Then one constructs on C” the potential

(‘0(2:1, “e ,Zn) = Z ‘Zilﬁi, BZ = 10g|al.|—1 C

which is acted on by A as follows: A*¢ = C 1.

Hence:

Q = V/—190y is Kéhler and T' 2 Z acts by holomorphic homotheties
with respect to it.

The Lee field is : 6% = — Z z; log |a;|0z; and one can see it is parallel.

Note than diagonal Hopf manifolds are generalizations of the rank 1 Hopf
surfaces.

Other examples (in fact, the whole list) of compact complex surfaces
with Vaisman structure are given in [Be].

Non-Vaisman LCK manifolds are some of the Inoue surfaces (cf. [T,
[Be]) and their generalizations to higher dimensions (JOT]), the rank 0 Hopf
surfaces ([GQO]).

2.3 LCK manifolds with potential

Not only the Vaisman metric of the Hopf manifold can be constructed out of
a potential on the Kahler covering, but the Kéahler metric on the universal
cover of any Vaisman manifold has a global potential given by | 6% |2.

A wider class of LCK manifolds, strictly containing the Vaisman ones,
is the following:

Definition 2.6. ([OV3]) A complex manifold (M, ) is LCK with potential
if it admits a Kéahler cover (M ,Q) with global potential ¢ : M — R,
satisfying the following conditions:

(i) ¢ is proper (i.e. it has compact level sets).

(ii) The monodromy map 7 acts on ¢ by multiplication with a constant:
T(p) = const - p.

On compact manifolds, the properness of the potential is equivalent (cf.

[OV3]) to the deck group being isomorphic to Z (a condition satisfied by
compact Vaisman manifolds).
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In J[OV2] we showed that a compact Vaisman manifold can be deformed
into a compact Vaisman one (even quasi-regular). Using a similar argument,
one proves:

Theorem 2.7. ([OV3]) The class of compact LCK manifolds with potential
is stable to small deformations.

As a consequence, one sees that the Hopf manifold (C \ 0)/T, where
now [ is a cyclic group generated by a non-diagonal linear operator, is LCK
with potential. This is a generalization of the (non—Vaisman) rank 0 Hopf
surface.

The main property of LCK manifolds with potential is that they sat-
isfy an embedding theorem similar to the Kodaira-Nakano one in Kéahler
geometry:

Theorem 2.8. ([OV3]) Any compact LCK manifold with potential of com-
plex dimension at least 3 can be holomorphically embedded in a Hopf mani-
fold. Moreover, a compact Vaisman manifold of complex dimension at least
3 can be holomorphically embedded in a diagonal Hopf manifold.

3 Morse—Novikov cohomology

3.1 Morse—Novikov complex and cohomology of local sys-
tems

Let M be a smooth manifold, and 6 a closed 1-form on M. Denote by
dg : A(M) — A™1(M) the map d — 6. Since df = 0, d3 = 0.

Consider the complex

AO(M) 2o AY(M) 22 A2(hr) e

This complex is called the Morse—-Novikov complex, (see e.g. [P], [R],
[M]) and its cohomology the Morse—Novikov cohomology. In Jacobi and
locally conformal symplectic geometry, this object is called Lichnerowicz-
Jacobi, or Lichnerowicz cohomology, motivated by Lichnerowicz’s work
[L] on Jacobi manifolds (see e.g. [LLMP] and [B]).

For an early introduction to this subject, we refer to [P].

A closed 1-form 6 defines a flat connection d — 6 on the trivial bundle
C>°(M). A sheaf of d — -closed functions on M is obviously locally triv-
ial, and hence it defines a local system. Its monodromy is associated with
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the character x : 71 (M) — R>? given by the exponent e/ € H'(M,R>?),
considered as an element of R>%-valued cohomology.

The cohomology of this local system is equal to the Morse-Novikov co-
homology, as we shall see presently.

Let L be a real local system on M, that is, a locally trivial sheaf on
M locally modeled on M x R. Assume also that L is oriented, that is, its
monodromy lies in R>? C R*. Then the vector bundle Lg = L ®g C*°(M)
is trivial. The structure of a local system induces on Ly a flat connection
V (see [H]). Choose a trivialization, that is, a nowhere degenerate section
£ € Ly, and let

Vg . Lp —>LR®COO(M)

be the trivial connection on Lg mapping £ to 0. Then 6 = V — V¢ is a
1-form with values in Endgee(ay(Lr) = C°(M). Since V2 =0, 6 is closed.
The following elementary claim is well known.

Proposition 3.1. [N] The cohomology of the local system L is naturally
identified with the cohomology of the Morse-Novikov complex (A*(M), dy).
[

3.2 Morse—Novikov cohomology of LCK-manifolds

It is well-known that the LCK form represents a class in the Morse-Novikov
cohomology. Indeed, let (M,w) be an LCK-manifold, with 6 its Lee form.
Since dw = 0 A w, we have dgw = 0. Therefore, w represents a cohomology
class in the complex (A*(M), dy)

Definition 3.2. The Morse—Novikov cohomology class [w] of w is called the
Morse—Novikov class of M.

This notion is similar to the notion of a Kahler class of a Kéhler manifold.

Morse—Novikov cohomology for locally conformally symplectic manifolds
was first considered in [GL] where it was proven to vanish in the top dimen-
sion. Then Vaisman, [V], studied it under the name of "adapted cohomol-
ogy” on LCK manifolds and identified it with the cohomology with values
in the sheaf of germs of smooth dy-closed functions. Later, it was proven
in [LLMP]| that it vanishes in all dimensions for compact locally confor-
mally symplectic manifolds which admit a compatible Riemannian metric
for which the Lee form is parallel, hence, in particular, for compact Vaisman
manifolds (see also [O]). But for compact Vaisman manifolds, the vanishing
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of the Morse-Novikov cohomology follows almost directly from the Structure
[MTheorem 2.5

Indeed, according to [Proposition 3.1| this is the cohomology of the lo-
cal system L. But, by [Theorem 2.5, M is W x S* topologically and the
monodromy of L is Z, hence L is the pull-back p*L’ of a local system L’ on
St

Now, the cohomology of the local system L is the derived direct im-
age R'P,(L), where P is a projection onto a point. By the above remark
and changing the base, R'P,(L) = R'P,p*(L') = RY(C ® L), where C is
viewed as a trivial local system. From the Kiinneth formula it follows that
RY(C) is a locally constant sheaf on S!, with fiber H*(W). By the Leray
spectral sequence of composition, the hypercohomology of the complex of
sheaves R*(C ® L) converges to R'P.(L). Finally, each RY(C ® L') has
zero cohomology, being a locally trivial sheaf on S' with non-trivial con-
stant monodromy. Therefore this spectral sequence vanishes in Fo. It then
converges to zero.

Remark 3.3. There exist compact LCK manifolds with non—vanishing
Morse-Novikov class. Indeed, it is proven in [B] that the compact 4—
dimensional LCK solvmanifold constructed in [ACFM] has non-vanishing
Morse-Novikov class. On the other hand, it is shown in [K] that this solv-
manifold is biholomorphic with an Inoue surface which is known, [Be], to
not admit any Vaisman metric.

4 Bott—Chern class of an LCK-form

4.1 LCK structures up to potential

Definition 4.1. Let (M, wy,6) and (M, ws, #) be two LCK-structures on the
same compact manifold M, having the same Lee form 6. These structures
are called equivalent up to a potential if the following conditions hold.

(i) Consider a covering M where 0 becomes exact, # = df, and let w; =
e~ fw; be the corresponding Kébhler forms on M. Then wy —wy = 00,
for some smooth function ¢ : M — R.

(ii) Let I be the deck transformation (also known as monodromy) group of
the covering M— M ,and y : T' — R>0 the character corresponding
to ef ,
vel =x(y)ef, Vyel.
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Then ¢ has the same automorphy:

Yo =x(7)e, Vyel.

A Kahler potential ¢ satisfying these automorphy conditions is called
the automorphic potential for the LCK metric.

Given an LCK-structure on a compact complex manifold, it is very easy
to construct other LCK-structures, equivalent up to potential. Let (M,w) be
an LCK-manifold, w the natural Kéhler form on its covering M. Consider
a function v : M — R which satisfies |V?v|~ < €, and has the same
automorphy condition

Yv=x(y)v, Vyel. (4.1)

If ¢ < 1, the form @; := & + 00v is Kihler, with the same > automorphy
properties as 7. Therefore, Wi induces an LCK-structure on M, obviously,
equivalent to (M,w,d). All LCK-structures equivalent to a given one are
obtained this way.

Remark 4.2. Denote by COO(M )x the space of smooth functions satisfying
(&1). We have shown that the set of LCK-structures equivalent to a given
one is an open convex cone in an affine space modeled on a quotient of
C>(M), by the kernel of 90.

4.2 Bott—Chern cohomology

The set of equivalence classes of LCK-structures with a given monodromy
can be described in terms of cohomology.

Definition 4.3. Let M be a complex manifold, dim¢ M =n, 0 < p,qg < n
integer numbers, and L a complex line bundle with flat connection. Consider
the complex

— APl py 29 Apa(pg, L) 229 APHLe(M, L)@ APV (M, L) —

(4.2)
where 0, 0 denote the (1,0) and (0,1)-parts of the connection operator V :
AY(M,L) — A™1(M, L). The cohomology of (£2) are called the Bott—
Chern cohomology of M with coefficients in L, denoted by Hg’g(M, L).

It is well known that (2] is elliptic, hence H}*(M, L) is finite-dimensional.
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Definition 4.4. Let (M, w,0) be an LCK-manifold, and L its weight bun-
dle, that is, a trivial complex line bundle with the flat connection d — 6.
Consider w as a closed L-valued (1,1)-form on M. Its Bott—Chern class
[w] € Hg’gl (M, L) is called the Bott—Chern class of the LCK-manifold.

Clearly, the vanishing of [w] € H(;g (M, L) implies the existence of an
automorphic potential for M. Hence:

Proposition 4.5. If the Bott—Chern class of an LCK-manifold M vanishes
and the monodromy of L is Z, then M is LCK with potential.

Directly from the definition we have:

Proposition 4.6. Let M be a complex manifold, and w; and wy LCK-
metrics having the same Lee form 6. Then the following conditions are
equivalent:

(i) The Bott—Chern classes of w;, we are equal.

(i) The LCK-structures wy and w9 are equivalent up to a potential.

We obtain a remarkable analogy between the Kéhler manifolds and LCK-
manifolds. A Kahler structure on a complex manifold is determined by a
Kihler class in HY1(M) and a choice of a Kihler metric in this Kihler class.
The latter is obtained by choosing an element in a cone locally modeled on
C°(M)/ const.

An LCK-structure on a given complex manifold with a prescribed con-
formal structure is determined by a Bott—Chern class and a choice of an
LCK-metric with a prescribed Bott—Chern class. A metric with prescribed
Bott—Chern class metric is obtained by choosing an element in a cone locally

modeled on C*®(M), / ker(99) (see Remark 4.2)).

4.3 Bott—Chern classes and Morse—Novikov cohomology

The holomorphic cohomology of a bundle can be realized as cohomology of
a complex

o) -2 A% (M, L) -2 A% (L) s (4.3)
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If L is equipped with a flat connection, 9 : A%Y(M, L) — AYY(M, L) in-
duces a map
HY(L) % HS(M, L) (4.4)

from the holomorphic cohomology of the underlying holomorphic bundle
(denoted as L) to the Bott—Chern cohomology. The complex

o) V5 A, L) Y8 A2, ) VS L (4.5)

computes the holomorphic cohomology of a bundle £’ with a holomorphic
structure defined by the complex conjugate of the V!'’-part of the con-
nection. When the bundle L is real, we have £ = £’. Then the coho-
mology of the complex (4.5]) is naturally identified with H*(L£). The map
0: AYO(M,L) — AVY(M, L) defines a homomorphism

0

HY(L) — H3 (M, L) (4.6)

which is entirely similar to (£.4]).

The following result allows one to compute the Bott—Chern classes in
terms of holomorphic cohomology and Morse-Novikov cohomology.

Theorem 4.7. Let M be a complex manifold, Ly a trivial real line bundle
with flat connection d — 0, where 0 is a real closed 1-form. Denote by L
its complexification, and let £ be the underlying holomorphic bundle. Then
there is an exact sequence

H' (L) & HI(L) 22 HM (ML) - Hi(M) (4.7)

where H, 92(M ) is the Morse-Novikov cohomology, v a tautological map, and
the first arrow is obtained as a direct sum of ([4.4]) and (L.0]).

Proof: If a (1,1)-form n with coefficients in L is Morse—Novikov coho-
mologous to zero, we have 1 = dga, where dy = d—0 is the corresponding dif-
ferential. Taking (1,0) and (0, 1)-parts, we obtain that n = 9pa*? 4+ 9pa®!,
where 99 = 0 — 09 and 9y = 9 — %! are the Hodge components of dp.
However, these operators are precisely those that are used to define the first
arrow in (A7T). Moreover, since 7 has type (1, 1),

Jpat? =0, and 9pa®' = 0.
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Since a%! and o"? are closed under the respective differentials, they repre-

sent classes in the cohomology: [a%!] € H(L) and [a!'P] € H1(L) Now the
Bott—Chern class of of 7 is obtained as [a®!] + d[a!], hence the sequence
[#D) is exact. We proved [Theorem 4.7. m

Proposition 4.8. Let (M, w,0) be a compact LCK-manifold, L the corre-
sponding flat line bundle, and £ the underlying holomorphic bundle. As-
sume that H'(M, L) = 0, and HZ(M) = 0. Then H;’g(M, L) =0, and the
Kahler form @ on the covering of M admits an automorphic potential.

Proof: It follows immediately from [Theorem 4.71 m

Remark 4.9. The vanishing of the Bott—Chern class is hard to control.
Hence the utility of [Proposition 4.8| which reduces the analysis to the more

manageable Morse—Novikov cohomology of M and holomorphic cohomology
of L.

5 The Bott—Chern class and deformations

We now want to determine the influence of the vanishing of the Bott—Chern
class of a compact LCK manifold. To this end, we need some preliminaries
about the automorphic potentials on the covering.

Let ¢ be an automorphic potential function on M. As such, it can be
thought of as a section of L. This means that ¢ can be viewed as a function
defined on M, which becomes important in problems of approximations, as
M is compact and M generally not. Moreover, as on M one has 6 = dlog ¢,
the potential is uniquely determined, up to a constant, by 6.

Before stating the main result of this section, we prove a simple technical
result which was known to be true for Vaisman manifolds:

Lemma 5.1. Let M be a LCK manifold and M a Kahler covering on which
the Lee form is exact. Suppose the Kahler form of M admits an automorphic
potential. Then the LCK-form of M is conformally equivalent to an LCK-
form

—d0+ 0 A I(6), (5.1)

where —0 is the Lee form of w, dw = w A 6.

Proof: If ¢ is the potential on the Kéhler covering M the Kaéhler
form @ on M satisfies @ = = ddp. Then w := ddT“p is an LCK-form on M
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conformally equivalent to @, and the corresponding Lee form can be found
from dw = w A dlog o, giving € = dlog . Therefore,
_dd°yp d¢dy

¥ ¥

d d ¢
_ g <£> L dendy
' ®

w

C

dp

= —d°dlog ¢ + dlog o A
= —d9+0NI0).

Proposition 5.2. Let M be a compact LCK manifold such that the Kahler
form on a Kahler covering admits an automorphic potential, and let 8 be its
Lee form. Let 6’ be any closed 1-form sufficiently close to 6 in the metric

0 — 0’| L = sup |0 — 0’| 4+ sup |VO — V&',
M M

and let ¢’ be defined from ¢ = dlogy’. Then ' := v/—1 9gdg¢’ is also
positive.

Proof: Note that in this statement the monodromy of the cover is not
assumed to be Z.

Deforming 6 to 6’ changes the monodromy of the cover. Let the new mon-
odromy be I". By definition, 8’ = dlog ¢’ is I'-invariant, hence a*log ¢’ =
log ¢’ + ¢ for any a € T” (here c is a real constant). This implies a*¢’ =
exp(c)¢’, and hence ¢’ is I"-automorphic. As such, ¢ is a trivialization of
L.

Now /—1 0y 0gr¢’ > 0 is equivalent to dgrdg " > 0. As a trivialization,
¢ is constant, hence the above inequality is equivalent on M with dd®p’ > 0.
Now dd®¢’ = ¢/w’ and from [Lemma 5.1] this is equal to —d°0" + 6’ A I(0'),
which is positive because —d°0 + 6 A I(f) > 0 and 0’ is close to 6. m

Corollary 5.3. Any compact LCK manifold with vanishing Bott—Chern
class admits an LCK metric with potential, in the sense of [Definition 2.6l
(hence, if dim¢ M > 3, it is embeddable in a Hopf manifold).

Proof: The vanishing of the Bott—Chern class of M assures the existence
of a potential on a Kéahler covering M — M. The weight bundle L is
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associated to the monodromy of this covering and the monodromy can be
a priori a subgroup of (R>?,.) = (R, +), which is not necessarily discrete.
Considering L as a trivial line bundle with connection Vy.;, — 6, we deform
L by adding a small term to 6 to obtain a bundle L’ with monodromy Z.

This is possible to do as follows. A local system on M is defined by
a group homomorphism H;(M,Z) — R, and its monodromy is Z if this
map is rational. However, each real homomorphism from H;(M,Z) can be
approximated by a rational one. This allows one to deform L into L’ with
integer monodromy.

But deforming the monodromy amounts at deforming the 1-form 6 and
this, as follows from the formula 8 = dlog ¢, gives a correspondent deforma-
tion of the potential p. Hence we deform the pair (L, ) to a pair (L', ¢’)
in which ¢’ is automorphic function on M , with monodromy determined by
L’. By [Proposition 5.2} ¢’ is plurisubharmonic, if 6" is sufficiently close to
6. By construction, L’ has monodromy Z, hence ¢’ defines an LCK-metric
with potential, in the sense of [Definition 2.6l =

6 LCK-structures on compact Vaisman manifolds

Given a closed form 7 on a manifold M with an action of a connected
compact group G, we can average this form over the group action, obtaining
a closed form nqg. If ) is exact, nqg is also exact. Since G is connected, it acts
trivially on cohomology. Therefore, the form 7 is cohomology equivalent to
naG:

[n] = el (6.1)

The same is true for dg-closed forms, if the form 6 is G-invariant. Indeed,
the action of G maps dy-closed and dy-exact forms to dy-closed and dy-exact
forms, and acts trivially on the cohomology of the local system defined by
0. Therefore, averaging a dg-closed form 7, we obtain a dy-closed form 7g,
which is cohomology equivalent to 7.

If n is symplectic, the form 7¢ is not necessarily symplectic (this form can
be degenerate). However, if (M, n) is a Hermitian manifold, and G preserves
the complex structure on M, the form ng is positive definite, because it is
an average of positive definite forms over a compact group. In particular, if
(M,n) is Kéhler, then the form ng is a Kéhler form too.

By this argument, it follows that the average of an LCK-form w over the
action of a compact group G is again an LCK-form, assuming that the Lee
form of w is G-invariant.
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Theorem 6.1. Let M be a compact Vaisman manifold, dim¢ M > 3, w;
an LCK-form (not necessarily Vaisman), and 6; its Lee form. Then 6,
is cohomologous with the Lee form of a Vaisman metric, and the Morse—
Novikov class of wy vanishes.

Proof: Denote by p the Lee flow corresponding to the Vaisman structure
w on M. It is well known that p can be chosen with compact leaves, giving
an action p: St — Aut(M) (see [OV2]). Let 6; be the Lee form of ws.

For any closed form 6} in the same cohomology class as 6, we can find
an LCK-form conformally equivalent to wy, with the Lee form equal to 6.
Averaging 61 over p, we find a 1-form which is p-invariant and has the same
cohomology class, by (6.1]). Hence, replacing w; by a conformally equivalent
form, we may assume from the beginning that 6 is p-invariant.

For any t € S, p(t)*w; satisfies

d(p(t)*wi) = p(t)* w1 A p(t)* 01 = p(t)*wi A 0. (6.2)

Averaging w; over S' and applying (6.2), we find an S'-invariant Her-
mitian form w} which satisfies

dw] = wi A 0.

Since the Morse—Novikov class takes values in a cohomology group which
is Sl-invariant, it does not change under averaging, and w} has the same
Morse—Novikov class as wy. Therefore, we may also assume that wy is p-
invariant. Denote by Gj the closure of the group of holomorphic and con-
formal automorphisms of M generated by [ (Hﬁ). Gy is compact, as a closed
subgroup in the compact group of conformalities of (M, [g]) (see also [KOI)
and commutative because the group generated by I (Qﬁ) is such and taking
limits preserves commutativity. Repeating the same procedure as above, we
may assume that 61 and w; are Go-invariant.

Let now M —— M be a_connected covering of M on which the pull-
back of 6 is exact, hence M is globally conformal Kéhler. Let also p :
R — Aut(M) be the holomorphic flow obtained by lifting p to M.

Denote by w; a Kéahler form on M globally conformal to the lift of wy.
For all ¢t € R, the form p(t)*w; is a Kéhler form, conformally equivalent
to wi. Since dim¢ M > 2 and M is connected, the conformal factor y is
a constant (indeed, in general, if a, o are closed conformal two-forms, «
non-degenerate, and o' = fa, then df A @ = 0 implies df = 0). In [KO]
it was shown that if #% and I(6%) act conformally and holomorphically on
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an LCK-manifold, and #* cannot be lifted to an isometry of M , then M is
Vaisman. Unless the conformal factor x is 1, we may apply this result and
obtain that (M, w;) is Vaisman. It remains to prove [Theorem 6.1l assuming
that wy is p-invariant.

Let ¢ : M — R be a function defined by wy = ¢n*w;. Clearly, 7%6; =
dlog . Since ¢ is p-invariant, we have

Lieglog ¢ = (dlog ¢,v) =0, (6.3)

where v is the vector field generating the flow p.

JFrom ([6.3) it follows that (f1,v) = 0, where v is the Lee field of the
Vaisman structure w. This means that 0 is a basic form associated with the
foliation p (see [To] for a definition and fundamental properties of basic forms
with respect to foliations). Now, a basic 1-form on a Vaisman manifold is
cohomologous to a sum of a holomorphic and antiholomorphic basic forms:
this follows by applying the Hodge decomposition to basic forms with respect
to a transversally Kahler foliation. Then d°6; = 0. This implies

ddwt ™ = (n — 1)201 A T(61) Aw? ™ (6.4)

where n = dimg M. The form (6.4) is manifestly positive, and strictly
positive unless #; is identically zero. Since

0= / ddew ! = / (n— 1)20, A T(61) Al
M M

the form 6; A I1(61) A wln_l vanishes everywhere, hence 6; is zero. Then
(M,wn) is Kahler. This is a contradiction, since a compact Kéhler manifold
cannot support a Vaisman structure as compact Vaisman manifolds have
odd first Betti number ([KS], [DO]). We proved [Theorem 6.1l m

Remark 6.2. Notice that [Theorem 6.1] implies, in particular, that the
weight bundle of any LCK-structure w; on a Vaisman manifold has mon-
odromy Z. Indeed, M has the same monodromy as a Vaisman manifold,
and for Vaisman manifold the weight bundle has monodromy Z, as follows
from [OV1].

It is interesting to determine all Bott—Chern classes realized by an LCK-
form on a Vaisman manifold. In this regard, we state:

Conjecture 6.3. Let M be a Vaisman manifold, equipped with an addi-

tional LCK-form w; (not necessarily Vaisman). Then the Bott—Chern class
of wy vanishes; equivalently, wy is an LCK-structure with potential.
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