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1. Introduction
There is a vast literature concerning sufficient first-order optimality conditions for scalar and vector optimization problems. The related results have
grown up together with the development of the studies on various types of
generalized convexity and generalized monotonicity. However, we have often noticed an “uncontrolled growth” of the various classes of generalized
convex functions. Giannessi asserts in [16] that “unfortunately many generalizations look like mere formal mathematics without any motivation and
contribute to drive mathematics away from the real world”. In this paper
we shall point out some remarks concerning sufficient optimality conditions
of the Karush-Kuhn-Tucker type and of the Fritz John type, for scalar optimization problems and for vector optimization problems. We shall exploit
the most used (and useful) generalized convex functions proposed for these
kinds of problems.
Definition 1.1. A differentiable scalar function f : A −→ R, A ⊂ Rn open
convex set, is:
•

convex [cx] on A if
f (x) − f (x0 ) = ∇f (x0 )(x − x0 ),
189

∀x, x0 ∈ A.
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strictly convex [scx] on A if
f (x) − f (x0 ) > ∇f (x0 )(x − x0 ),

•

∀x, x0 ∈ A, x 6= x0 .

quasiconvex [qcx] on A if
f (x) 5 f (x0 ) =⇒ ∇f (x0 )(x − x0 ) 5 0,

∀x, x0 ∈ A,

∇f (x0 )(x − x0 ) > 0 =⇒ f (x) > f (x0 ),

∀x, x0 ∈ A.

i. e.

•

pseudoconvex [pcx] on A if
f (x) < f (x0 ) =⇒ ∇f (x0 )(x − x0 ) < 0,

∀x, x0 ∈ A,

∇f (x0 )(x − x0 ) = 0 =⇒ f (x) = f (x0 ),

∀x, x0 ∈ A.

i. e.

•

strictly pseudoconvex [spcx] on A if
f (x) 5 f (x0 ) =⇒ ∇f (x0 )(x − x0 ) < 0,

∀x, x0 ∈ A, x 6= x0 ,

i. e.
∇f (x0 )(x − x0 ) = 0 =⇒ f (x) > f (x0 ),

∀x, x0 ∈ A, x 6= x0 .

The following inclusion relations hold.
qcx
⇑
spcx

⇑
⇒

⇑
scx

pcx
⇑

⇒

cx

2. Sufficient first-order optimality conditions in scalar optimization
2.1. The role of non-vanishing gradients in quasiconvex optimization
In making some comments on the paper [27] of Lasserre, the present author
has focalized the role of non-vanishing gradients in a quasiconvex nonlinear programming problem: see [19]. In particular, the following result is
recalled.
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Theorem 2.1. Assume that A ⊂ Rn is an open convex set, f : A −→ R is
differentiable and ∇f (x) 6= 0 for all x ∈ A. Then f is pseudoconvex on A if
and only if f is quasiconvex on A.
The above theorem is a consequence of a result of Crouzeix and Ferland
(see [15]), stating that a differentiable and quasiconvex function on the open
and convex set A ⊂ Rn is pseudoconvex on A if and only if f has a minimum
at x whenever ∇f (x) = 0. The proof of Crouzeix and Ferland of this last
result is a bit complicate. Theorem 2.1 was also proved by Giorgi (see
[17, 18]) and by Cambini and Martein (see [8]). We now present another
simple proof.
Proof of Theorem 2.1. It is well-known that if f is pseudoconvex on A,
then f is quasiconvex on A. Suppose now that f is quasiconvex on A (open
and convex set of Rn ) and that ∇f (x) 6= 0 for all x ∈ A. To prove that f is
pseudoconvex on A we assume that ∇f (x0 )(x − x0 ) = 0, for every x, x0 ∈ A,
and prove that this inequality implies f (x) = f (x0 ). If ∇f (x0 )(x − x0 ) > 0
for some x, x0 ∈ A (x 6= x0 ) then, being f quasiconvex, we get f (x) > f (x0 )
and there is nothing other to prove. We need therefore to rule out the case
∇f (x0 )(x − x0 ) = 0 =⇒ f (x) < f (x0 ). Assume, absurdly, that the said case
occurs. We will show that, under the assumptions of the theorem, we can
perturb x to x0 so that
∇f (x0 )(x0 − x0 ) > 0 =⇒ f (x0 ) < f (x0 ),

(2.1)

in contradiction to the assumption that f is quasiconvex. Let v be the
nonzero vector ∇f (x0 ). For t > 0 we have
∇f (x0 )(x + tv − x0 ) = ∇f (x0 )(tv + x − x0 ) = t∇f (x0 )v + ∇f (x0 )(x − x0 )
= t(k ∇f (x0 ) k)2 + 0 > 0.
Since f is continuous at x, we can choose t small enough so that f (x +
tv) < f (x0 ) and ∇f (x0 )(x + tv − x0 ) > 0, that is x0 = x + tv satisfies
(2.1), in contradiction with the assumed quasiconvexity of f. So, the case
∇f (x0 )(x − x0 ) = 0 =⇒ f (x) < f (x0 ) cannot hold and therefore f is
pseudoconvex.
2
We have to note that the assumption on the non-vanishing gradient is essential for the validity of Theorem 2.1. For example, the function ϕ(t) = t3 ,
t ∈ (−∞, +∞) is quasiconvex (and also quasiconcave), but not pseudoconvex (indeed ϕ0 (0) = 0).
Following Mangasarian (see [30]), it is possible to give also “point-wise”
definitions of convex and generalized convex functions at a fixed point x0 ∈
A. For example, we accept the following definitions.
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Definition 2.1. Let f : Rn −→ R be differentiable on some open set containing the set A ⊂ Rn (A not necessarily convex); f is pseudoconvex
(respectively quasiconvex) at x0 ∈ A, with respect to A, if
∇f (x0 )(x − x0 ) = 0 =⇒ f (x) = f (x0 ), ∀x ∈ A.
(f (x) 5 f (x0 ) =⇒ ∇f (x0 )(x − x0 ) 5 0,

∀x ∈ A).

Theorem 2.1 can be restated in the following form.
Theorem 2.2. Let f : Rn −→ R be differentiable on some open set containing the set A ⊂ Rn and let f be quasiconvex at x0 ∈ A, with respect to
A; let be ∇f (x0 ) 6= 0. Then f is pseudoconvex at x0 (with respect to A).
Contrary to the “global” definitions, it is no longer true that if f is
pseudoconvex at x0 ∈ A, then f is quasiconvex at x0 ∈ A. The following
counterexample is taken from [32]. Consider the function ϕ(t) = t − t2 ,
A = {0, 1} , a two-points set. We have ϕ(t) = 0 for all t ∈ A, so that ϕ is
pseudoconvex at t̄ = 0 by default. But ϕ0 (0)(1 − 0) = 1, so that ϕ(t) is not
quasiconvex at t̄ = 0, with respect to A. Martos proves in [32] that we have
the usual implication if A is a convex set.
Consider now the following basic nonlinear programming problem, with
only inequality constraints.

minimize f (x)
(P)
subject to: gi (x) 5 0, i = 1, ..., m,
where f : A −→ R and every gi : A −→ R are differentiable on the open set
A ⊂ Rn . Denote by K the feasible set of (P) and denote by I(x0 ) the set of
the active constraints at x0 ∈ K, i.e.

I(x0 ) = i : gi (x0 ) = 0 .
It is well-known that if x0 ∈ K is a (local) solution of (P) and if a
constraint qualification is satisfied, then the following Karush-Kuhn-Tucker
((KKT)) conditions hold: there exist multipliers λ1 , ..., λm such that
∇f (x0 ) +

m
X

λi ∇gi (x0 ) = 0;

(2.2)

i=1

λi gi (x0 ) = 0,
λi = 0,

i = 1, ..., m;

i = 1, ..., m.

(2.3)
(2.4)

It is also well-known that the (KKT) conditions are sufficient for the
optimality of x0 ∈ K (i.e. (2.2)-(2.3)-(2.4) are sufficient for x0 ∈ K to be
solution of (P)) if either:
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1) f is convex, every gi , i ∈ I(x0 ), is convex.
2) f is pseudoconvex, every gi , i ∈ I(x0 ), is quasiconvex.
P
3) f is pseudoconvex and m
i=1 λi gi is quasiconvex (where λi is the i-th
multiplier appearing in (2.2)-(2.3)-(2.4)).
P
4) The “restricted Lagrangian function” (of vector x only) f + m
i=1 λi gi ,
λi = 0, i = 1, ..., m, is pseudoconvex.
We note that, unlike convex functions, pseudoconvex and quasiconvex
functions are in general not additive. It is easy to prove the following result.
Theorem 2.3. Let x0 ∈ K satisfy conditions (2.2)-(2.3)-(2.4). If either f
is pseudoconvex at x0 (with respect to A) or f is quasiconvex at x0 (with
respect to A) and it holds ∇f (x0 ) 6= 0, if every gi , i ∈ I(x0 ), is quasiconvex
at x0 (with respect to A), then x0 solves (P).
Theorem 2.3 removes some unnecessary assumptions of the famous sufficient optimality conditions given in the pioneering paper [2] of Arrow and
Enthoven. Moreover, on the ground of what previously expounded, its proof
is quite straightforward (contrary to the original proof of Arrow and Enthoven).
2.2. Various first-order sufficient Fritz John and (KKT) optimality
conditions for a problem with both inequality and equality
constraints
Consider the following nonlinear programming problem with both inequality
and equality constraints:

 minimize f (x)
subject to: gi (x) 5 0, i = 1, ..., m,
(P1 )

hj (x) = 0, j = 1, ..., p,
where f : A −→ R, and every gi : A −→ R, i = 1, ...m, are differentiable on
the open set A ⊂ Rn and every hj : A −→ R, j = 1, ..., p, is continuously
differentiable on A. We denote by K1 the feasible set of (P1 ).
The following necessary optimality conditions for (P1 ) are well-known.
Theorem 2.4. (Fritz John) If x0 ∈ K1 is a local solution for (P1 ), then
there exist α = 0, ui = 0, i = 1, ..., m, vj ∈ R, j = 1, ..., p, not all equal to
zero, such that ((FJ) conditions):
α∇f (x0 ) +

m
X
i=1

ui ∇gi (x0 ) +

p
X

vj ∇hj (x0 ) = 0;

(2.5)

j=1

ui gi (x0 ) = 0, ∀i = 1, ..., m.

(2.6)
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Theorem 2.5. (Karush-Kuhn-Tucker) If x0 ∈ K1 is a local solution for
(P1 ) and if a constraint qualification holds, then in the previous (FJ) conditions we have α = 1, i. e. there exist ui = 0, i = 1, ..., m, vj ∈ R, j = 1, ..., p,
such that ((KKT) conditions):
∇f (x0 ) +

m
X

ui ∇gi (x0 ) +

i=1

p
X

vj ∇hj (x0 ) = 0;

(2.7)

j=1

ui gi (x0 ) = 0, ∀i = 1, ..., m.

(2.8)

Now let us consider the function
L(x) = αf (x) +

m
X
i=1

ui gi (x) +

p
X

vj hj (x),

j=1

α = 0, ui = 0, i = 1, ..., m, vj ∈ R, j = 1, ..., p, (α, ui , vj ) not all zero,
function that we may call “restricted Fritz John-Lagrange function”. The
following results collect some sufficient first-order optimality conditions for
(P1 ).
Theorem 2.6. Let x0 ∈ K1 .
(i) If L is strictly convex, then (FJ) conditions are sufficient for x0 to be
solution of (P1 ).
(ii) If L is convex, then (KKT) conditions are sufficient for x0 to be solution of (P1 ).
(iii) If f and gi , i = 1, ..., m, are convex and hj j = 1, ..., p, is linear, then
(KKT) conditions are sufficient for x0 to be solution of (P1 ).
Theorem 2.7. Let x0 ∈ K1 .
(i) If L is strictly pseudoconvex, then (FJ) conditions are sufficient for x0
to be solution of (P1 ).
(ii) If L is pseudoconvex, then (KKT) conditions are sufficient for x0 to be
solution of (P1 ).
(iii) If f is pseudoconvex,
every gi , i = 1, ..., m, is quasiconvex (or the
Pm
function i=1 λi gi is quasiconvex) and every hj , j = 1, ..., p, is both
quasiconvex and quasiconcave, then (KKT) conditions are sufficient
for x0 to be solution of (P1 ).
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Remark 2.1. Condition (iii) of Theorem 2.7 is due to Mangasarian (see
[30]). Continuous functions both quasiconvex and quasiconcave (now called
quasilinear ) have been characterized in [3] by Arrow, Hurwicz and Uzawa,
but without the indispensable continuity requirement (see [32]). For differentiable functions, it is not difficult to see that f is quasilinear on the open
convex set A ⊂ Rn if and only if
x1 , x2 ∈ A, f (x1 ) = f (x2 ) =⇒ ∇f (x1 )(x1 − x2 ) = 0.
Remark 2.2. It is possible to require, in (iii) of Theorem 2.7, that the objective function is quasiconvex (without necessarily having a nonzero gradient at x0 ∈ K1 ). In this case, in order to obtain sufficient (KKT) conditions,
we are obliged to impose more stringent conditions on the constraint functions. It is quite easy to prove the following result.
0
Theorem 2.8. Let
satisfy (KKT) conditions; if f is quasiconvex
Pmx ∈ K1 P
and the function i=1 ui gi + pj=1 vj hj is strictly pseudoconvex, then x0 is
solution of (P1 ).

We have to remark that Theorem 2 in [34] is not correct, as the quasiconvexity requirement of the objective function is missing. It is also easy
to see that the previous (FJ) or (KKT) conditions are sufficient optimality
conditions for (P1 ) if the generalized convexity assumptions are given by the
corresponding “pointwise” definitions at x0 ∈ K1 , with respect to A.
Remark 2.3. From time to time some “modified” sufficient optimality conditions for (P1 ) have appeared in the literature: in these conditions (both
of (FJ)-type and of (KKT)-type) the related (FJ) conditions and (KKT)
conditions have been modified, with the additional restriction on the nonnegativity of multipliers vj : vj = 0, j = 1, ..., p. It is the case, for example,
of the paper [36] of Singh, where the following result is proved.
Theorem 2.9. Suppose that in (P1 ) f is pseudoconvex, gi , i = 1, ....m, and
hj , j = 1, ..., p, are quasiconvex, and that x0 ∈ K1 satisfies the following
“modified” (KKT) conditions
0

∇f (x ) +

m
X

0

ui ∇gi (x ) +

i=1

p
X

vj ∇hj (x0 ) = 0;

j=1
0

ui gi (x ) = 0, i = 1, ..., m;
ui = 0, i = 1, ..., m; vj = 0, j = 1, ..., p.
Then x0 solves (P1 ).
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In the same paper Singh presents also a Fritz John-type sufficient optimality criterion (Theorem 2.2 in [36]), which is however non correct and
which has been amended by Skarpness and Sposito in [38]. Subsequently,
Ben-Israel and Mond remarked in [6] that if we consider the problem

 minimize f (x)
subject to: gi (x) 5 0, i = 1, ..., m,
(P2 )

hj (x) 5 0, j = 1, ..., p,
and if we denote by K2 the feasible set of (P2 ), clearly we have
K1 ⊂ K2 ⊂ K0
where K0 = K (feasible set of (P) ≡(P0 )). Let Ci (x0 ) be a sufficient condition
for a point x0 ∈ Ki to be an optimal solution of (Pi ), i = 0, 2. Then it follows
trivially that
Ci (x0 ), h(x0 ) = 0, i = 0, 2,
is a sufficient condition for x0 to be an optimal solution also of (P1 ) and
there is nothing to prove if Ci (x0 ), i = 0, 2, is a well-known condition.
The following result may be considered a rather general Fritz John-type
sufficient optimality condition for (P1 ).
Theorem 2.10. Let x0 ∈ K1 , f be pseudoconvex at x0 (with respect to A),
gi , i ∈ I(x0 ), and hj , j = 1, ..., p, be quasiconvex at x0 , (with respect to A).
If there exist multiplers α ∈ R, ui ∈ R, i = 1, ..., m, vj ∈ R, j = 1, ..., p,
(α, ui , vj ) not all zero for

i ∈ P = i : i ∈ I(x0 ), gi is strictly pseudoconvex at x0 and

j ∈ Q = j : hj is strictly pseudoconvex at x0 ,
such that (2.5) and (2.6) hold, then x0 solves (P1 ).
The proof is quite easy and is left to the reader. We point out that
some results presented in [5] are not correct; see the comments by Giorgi
in [18]. Finally, in the same spirit of what was remarked by Lasserre in
[27] and Giorgi in [19] with respect to problem (P), it is possible to prove
the following sufficient optimality conditions for (P1 ), where no generalized
convexity assumption is made on the constraints.
Theorem 2.11. Let x0 ∈ K1 , f be pseudoconvex at x0 (with respect to A),
let K1 be convex. If there exist multipliers ui = 0, i = 1, ..., m, vj ∈ R,
j = 1, ..., p, such that the (KKT) conditions (2.7)-(2.8) are verified, then x0
solves (P1 ).
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2.3. The invex case
Another class of generalized convex functions that has received attention in
the literature is the one of invex functions; see, e.g., for a survey the book
[33] of Mishra and Giorgi.
Definition 2.2. A differentiable function f : A −→ R, where A ⊂ Rn is
open, is invex if there exists a vector function (sometimes called “scale
function” or also “kernel function”) η : A × A −→ Rn such that
f (x) − f (x0 ) = ∇f (x0 )η(x, x0 ), ∀x, x0 ∈ A.
Further generalizations are possible: for example, f is pseudoinvex if
there exists η such that
f (x) − f (x0 ) < 0 =⇒ ∇f (x0 )η(x, x0 ) < 0, ∀x, x0 ∈ A,
and f is quasiinvex if there exists η (not identically the zero element of Rn )
such that
f (x) − f (x0 ) 5 0 =⇒ ∇f (x0 )η(x, x0 ) 5 0, ∀x, x0 ∈ A.
Ben-Israel and Mond proved in [7] that the class of invex functions is
characterized by the class of differentiable functions whose stationary points
are global minimum points. Thus, for scalar functions, invexity and pseudoinvexity coincide; see also the paper [17] by Giorgi for other comments.
Invex functions allow a restatement of the sufficient optimality conditions of
the (KKT)-type for problem (P): if x0 ∈ K and (2.2)-(2.3)-(2.4) hold, then
x0 solves (P) if either:
1) f and every gi , i = 1, ..., m, are invex with respect to the same η;
2) f is invex, every gi , i ∈ I(x0 ), is quasiinvex, with respect to the same
η;
P
3) f is invex, m
i=1 ui gi is quasiinvex, with respect to the same η;
P
4) f + m
i=1 ui gi is invex.
It appears from the previous results the requirement that the functions
involved have to be, e.g., invex with respect to the same function η. In
[31] and in [33] the class of functions invex with respect to the same scale
function η has been characterized.
Theorem 2.12. Let f1 , ..., fp be differentiable functions on the open set A ⊂
Rn . The following statements are equivalent:
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(i) The functions f1 , ..., fp are invex with respect to the same scale function
η.
P
(ii) The functions pi=1 λi fi (λi = 0, i = 1, ..., p) are invex with respect to
the same η.
P
(iii) The functions pi=1 λi fi (λi = 0, i = 1, ..., p) are invex.
(iv) For
Pp every (λ1 , ..., λp ), λi = 0, i = 1, ..., p, every stationary point of
i=1 λi fi is a global minimum.
A device to avoid the requirement of a common scale function η, has
been proposed by Jeyakumar and Mond in [24]; we shall mention their class
of functions in the next section. A recent critical paper on invex functions
is the one by Zalinescu (see [39]).
2.4. Two useless generalized convex functions
Hanson and Mond have defined in [23] another class of generalized convex
functions, in order to generalize the concept of invex functions. A functional
f : A × Rn −→ R, A ⊂ Rn , is called sublinear with respect to the second
component if:
f (x; g + d) 5 f (x; g) + f (x; d), ∀g, d ∈ Rn , ∀x ∈ A
and
f (x; αg) = αf (x; g), ∀α = 0, ∀g, d ∈ Rn , ∀x ∈ A.
Definition 2.3. Let f : A −→ R, A open set of Rn , be differentiable; f is
called F-convex if there exists a sublinear functional F (x, u, ·) : A × A ×
Rn −→ R such that, for all x.u ∈ A, we have
f (x) − f (u) = F (x, u, ∇f (u)).
However, this one is not a generalization of the class of invex functions,
as Craven and Glover have proved in [14] the equivalence between the class
of invex functions and the class of the functions considered by Hanson and
Mond in [23]. Caprari extended in [9] the said equivalence result to other
classes of functions (“ρ-invex functions”), both for the smooth case and for
the Lipschitz nonsmooth case. The list of papers which use the F-generalized
convex functions, in the convinction that these classes are more general than
the corresponding classes of generalized invex functions, is too long to be
reported here.
Bector and Singh introduced in [4] the class of B-vex functions.
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Definition 2.4. A function f : A ⊂ Rn −→ R is said to be B-vex with
respect to B = (b1 , b2 ), if for any x, u ∈ A and for all λ ∈ [0, 1] , we have
f (λx + (1 − λ)u) 5 b1 (x, u, λ)f (x) + b2 (x, u, λ)f (u),
where b1 (x, u, λ) + b2 (x, u, λ) = 1, b1 (x, u, λ) = 0. b2 (x, u, λ) = 0.
It is not difficult to prove (see [22, 28]) that this class of functions coincides with the class of quasiconvex functions.
3. Sufficient first-order optimality conditions in vector optimization
3.1. Generalized convexity for vector-valued functions
We first introduce the usual Pareto ordering in Rn . Given x, y ∈ Rn , we
write
•

x = y, if xi = yi , i = 1, ..., n;

•

x ≥ y, if x = y, but x 6= y;

•

x > y, if xi > yi , i = 1, ..., n.

If y = 0 ∈ Rn , then x = 0 is a nonnegative vector, x ≥ 0 is a semipositive
vector, x > 0 is a positive vector. The notations x 5 y, x ≤ y, x < y, are
obvious.
Given the differentiable function f : Rn −→ Rs , by Jf (x) we denote the
Jacobian matrix of f, evaluated at x.
There are many ways to introduce generalized convex functions for vector-valued functions. An elementary way is to adopt “component-wise definitions”: e. g. f : Rn −→ Rs is quasiconvex on the open convex set A ⊂ Rn ,
if every component fi , i = 1, ..., s, is quasiconvex on A. But “vector definitions” are usually more general and interesting. We adopt the following
ones (f is a differentiable vector function f : A −→ Rs , with A ⊂ Rn open
convex set).
•

The function f is said to be V-convex on A if, for all x, x0 ∈ A :
f (x) − f (x0 ) = Jf (x0 )(x − x0 ).

It is easy to prove that f is V -convex if and only if every component of
f is convex, i. e. if and only if f is “component-wise convex”.
•

The function f is said to be V-quasiconvex on A if, for all x, x0 ∈ A :
f (x) − f (x0 ) 5 0 =⇒ Jf (x0 )(x − x0 ) 5 0.

If every component of f is quasiconvex, then f is V -quasiconvex, but
the converse is not true.
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The function f is said to be V 1 -pseudoconvex on A if, for all x, x0 ∈ A :
f (x) − f (x0 ) ≤ 0 =⇒ Jf (x0 )(x − x0 ) ≤ 0.

•

The function f is said to be V 2 -pseudoconvex on A if, for all x, x0 ∈ A :
f (x) − f (x0 ) ≤ 0 =⇒ Jf (x0 )(x − x0 ) < 0.

•

The function f is said to be V 3 -pseudoconvex on A if, for all x, x0 ∈ A :
f (x) − f (x0 ) < 0 =⇒ Jf (x0 )(x − x0 ) < 0.

When s = 1, the three definitions above collapse to the usual definition
of Mangasarian (see [30]). If every component of f is pseudoconvex, then
f is V 3 -pseudoconvex and also V 1 -pseudoconvex; if every component of f
is strictly pseudoconvex, then f is V 2 -pseudoconvex; if every component of
f is quasiconvex and at least one is strictly pseudoconvex, then f is V 1 pseudoconvex. The converse of these statements are not true in general.
The following diagram shows the inclusion relationships between the
classes of functions introduced above.
⇒ V-quasiconvex

V-convex
⇓
V 1 -pseudoconvex
⇑

⇓
V 3 -pseudoconvex
⇑

V 2 -pseudoconvex
In general, there are not inclusion relationships between V 1 -pseudoconvex
functions and V 3 -pseudoconvex functions, nor between V-convex functions
and V 2 -pseudoconvex functions.
• The function f is said to be V-quasilinear on A if, for all x, x0 ∈ A :
f (x) − f (x0 ) = 0 =⇒ Jf (x0 )(x − x0 ) = 0.
3.2. First-order sufficient optimality conditions for vector optimization problems
Given f : A −→ Rs , f differentiable on the open set A ⊂ Rn , and the
unconstrained vector optimization problem
(VP)0

V -minimize f (x),

then x0 ∈ A is said to be an efficient solution or Pareto optimal solution or
nondominated solution for (VP)0 if there exists no x ∈ A such that
f (x) − f (x0 ) ≤ 0;
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x0 ∈ A is said to be a weakly efficient solution or Pareto weak optimal
solution for (VP)0 if there exists no x ∈ A such that
f (x) − f (x0 ) < 0.
It is clear that an efficient solution is also a weakly efficient solution. If
the previous conditions are verified in a neighborhood of x0 , we have the
corresponding “local” definitions. A well-known result concerning (VP)0 is
the following one (see [12]).
Theorem 3.1. If x0 ∈ A is a local weakly efficient point for (VP)0 , then
there exists y ≥ 0 such that
yJf (x0 ) = 0.

(3.1)

A point x0 ∈ A which verifies (3.1) is called a vector stationary point for
(VP)0 . If f is V 2 -pseudoconvex and x0 ∈ A is a vector stationary point for
(VP)0 , then x0 is an efficient solution for (VP)0 . If f is V 3 -pseudoconvex and
x0 ∈ A is a vector stationary point for (VP)0 , then x0 is a weakly efficient
solution for (VP)0 . The same result holds if f is V -convex. If in (3.1) we
have y > 0, then x0 ∈ A, x0 vector stationary point for (VP)0 , is an efficient
solution for (VP)0 , if f is V 1 -pseudoconvex.
By means of the vector notations adopted, we can introduce the following
vector optimization problem, with both inequality and equality constraints:

 V -minimize f (x)
subject to: g(x) 5 0,
(VP)1

h(x) = 0,
where f : A −→ Rs , g : A −→ Rm and h : A −→ Rp , A open set of Rn , f
and g are differentiable on A and h is continuously differentiable on A. We
have the following well-known necessary optimality conditions (of the “Fritz
John-type”) for (VP)1 .
Theorem 3.2. If the feasible point x0 is a local weakly efficient solution for
(VP)1 , then there exist multipliers t ∈ Rs , u ∈ Rm , v ∈ Rp , t = 0, u = 0,
(t, u, v) 6= 0, such that
tJf (x0 ) + uJg(x0 ) + vJh(x0 ) = 0,

(3.2)

ug(x0 ) = 0.

(3.3)

Moreover, if a suitable constraint qualification is satisfied (e. g. the rows
of Jg(x0 ) and Jh(x0 ) are linearly independent), then (3.2) is verified with
t ≥ 0.
We can obtain sufficient optimality conditions for (VP)1 , in terms of
“component-wise” generalized convexity.
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Theorem 3.3. Assume that the feasible point x0 satisfies conditions (3.2)(3.3) with t ≥ 0, u = 0, v ∈ Rp . Assume that every gi , i ∈ I(x0 ), is quasiconvex and that every hj , j = 1, ..., p, is both quasiconvex and quasiconcave.
(i) If every fk , k = 1, ..., s, is pseudoconvex, then x0 is a weakly efficient
solution for (VP)1 .
(ii) If every fk , k = 1, ..., s, is strictly pseudoconvex, then x0 is an efficient
solution for (VP)1 .
Let us now consider the following “restricted vector Fritz John-Lagrange
function”:
V L(x) = tf (x) + ug(x) + vh(x),
with t ∈ Rs , t = 0; u ∈ Rm , u = 0; v ∈ Rp , (t, u, v) 6= 0. We have the
following “scalarized” sufficient optimality conditions for (VP)1 .
Theorem 3.4.
(i) If the feasible point x0 satisfies conditions (3.2)-(3.3) with t = 0; u = 0;
v ∈ Rp , (t, u, v) 6= 0, and V L(x) is strictly pseudoconvex, then x0 is
an efficient solution for (VP)1 .
(ii) If the feasible point x0 satisfies conditions (3.2)-(3.3) with t ≥ 0; u = 0;
v ∈ Rp , (t, u, v) 6= 0, and V L(x) is pseudoconvex, then x0 is a weakly
efficient solution for (VP)1 .
The proof is easy and left to the reader.
Other first-order sufficient optimality conditions for (VP)1 can be obtained by means of “vector generalized convexity”.
Theorem 3.5. Assume that the feasible point x0 verifies (3.2)-(3.3) with
t ≥ 0; u = 0; and v ∈ Rp . Assume that g is V-quasiconvex and h is Vquasilinear.
(i) If f is V2 -pseudoconvex, then x0 is an efficient solution for (VP)1 .
(ii) If f is V3 -pseudoconvex, then x0 is a weakly efficient solution for
(VP)1 .
Assume that the feasible point x0 verifies (3.2)-(3.3) with t > 0, u = 0
and v ∈ Rp . Assume that g is V-quasiconvex and h is V-quasilinear.
(iii) If f is V1 -pseudoconvex, then x0 is an efficient solution for (VP)1 .
(iv) If f is V-convex, then x0 is an efficient solution for (VP)1 .

First-order optimality conditions

203

Again the proof is easy and left to the reader (perform the proof by
negation of the hypothesis and use Motzkin’s theorem of the alternative).
Remark 3.1. By means of the usual device of requiring in (3.2) the nonnegativity of v (and not simply that v ∈ Rp ), we can obtain “modified” Fritz
John-type sufficient optimality conditions for (VP)1 , assuming that h is V quasiconvex (and not V -quasilinear). For example, we have the following
result.
Theorem 3.6. Assume that the feasible point x0 verifies (3.2)-(3.3) with
t > 0, u = 0, v = 0. Assume that f is V1 -pseudoconvex, g and h are Vquasiconvex. Then x0 is an efficient solution for (VP)1 .
We point out that Majumdar (see [29]), with the praiseworth intention
to correct a sufficient optimality result of Singh (see [37]), in turn presents
two non correct theorems. These have been amended by Kim and others in
[26] and by Giorgi, Jiménez and Novo in [21].
3.3. The vector invex case
The notion of scalar invexity (for differentiable functions) can be extended
to the vector case as follows.
Definition 3.1. Let f : A −→ Rs be differentiable on the open set A ⊂ Rn .
The function f is V-invex on A if there exists a function η : A × A −→ Rn
such that
f (x) − f (x0 ) = Jf (x0 )η(x, x0 ), ∀x, x0 ∈ A.
It is easy to see that V -invexity is equivalent to the invexity, with respect
to the same η, of each component of f. The properties of V -convex and V pseudoconvex functions related to vector stationary points, can be extended
to V -invex functions.
Theorem 3.7. If f is V-invex on A and x0 ∈ A is a vector stationary
point, then x0 is a weakly efficient point for (VP)0 . Moreover, if (3.1) holds
with y > 0, then x0 is an efficient point for (VP)0 .
We point out that, unlike scalar invex functions (characterized by the
property that every stationary point is a global minimum point), Theorem
3.7 gives only sufficient conditions. In order to characterize the class of vector
functions for which a vector stationary point is a weakly efficient point for
(VP)0 , Osuna-Gomez and others (see [35]) and Arana-Jimenez and others
(see [1]) have introduced the notion of V -pseudoinvex functions. In order to
be consistent with the notions of V -pseudoconvexity previously introduced,
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we accept the following definitions. Let f : A −→ Rs be differentiable on
the open set A ⊂ Rn .
• The function f is said to be V 1 -pseudoinvex on A, if there exists a scale
function η : A × A −→ Rn such that, for all x, x0 ∈ A :
f (x) − f (x0 ) ≤ 0 =⇒ Jf (x0 )η(x, x0 ) ≤ 0.
• The function f is said to be V 2 -pseudoinvex on A, if there exists a scale
function η : A × A −→ Rn such that, for all x, x0 ∈ A :
f (x) − f (x0 ) ≤ 0 =⇒ Jf (x0 )η(x, x0 ) < 0.
• The function f is said to be V 3 -pseudoinvex on A, if there exists a scale
function η : A × A −→ Rn such that, for all x, x0 ∈ A :
f (x) − f (x0 ) < 0 =⇒ Jf (x0 )η(x, x0 ) < 0.
Unlike the scalar case, the class of V -invex functions and any class of
the previously introduced functions, do not coincide. For example, it can
be proved (see [1]) that the class of V -invex functions (with respect to a
certain scale function η) is strictly contained in the class of V 3 -pseudoinvex
functions (with respect to the same η). Osuna-Gomez and others (see [35])
and Arana-Jiménez and others (see [1]) proved, respectively, point (i) and
point (ii) of the following theorem.
Theorem 3.8.
(i) A vector function f : A −→ Rs is V3 -pseudoinvex on A if and only
if every vector stationary point of (VP)0 is a weakly efficient point for
(VP)0 .
(ii) A vector function f : A −→ Rs is V2 -pseudoinvex on A if and only if
every vector stationary point of (VP)0 is an efficient point for (VP)0 .
We can obtain sufficient optimality conditions for (VP)1 , under the assumption that the objective function f is V 1 -pseudoinvex or V 2 -pseudoinvex
or V -invex (and therefore V 3 -psedoinvex, with respect to the same η). For
example, it is quite easy to prove the following results.
Theorem 3.9.
(i) Assume that the feasible point x0 verifies (3.2)-(3.3) with t > 0, u = 0,
v = 0. Assume that f is V1 -pseudoinvex, with respect to η, and that g
and h are V-invex, with respect to the same η. Then x0 is an efficient
solution of (VP)1 .
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(ii) Assume that the feasible point x0 verifies (3.2)-(3.3) with t ≥ 0, u = 0,
v = 0. Assume that f is V2 -pseudoinvex, with respect to η, and that g
and h are V-invex, with respect to the same η. Then x0 is an efficient
solution of (VP)1 .
Remark 3.2. We have already remarked that the use of invex or generalized invex functions in optimization problems (both scalar and vector)
requires the same scale function η for the objective function and the constraints. In order to avoid this difficulty, Jeyakumar and Mond introduced in
[24] the concept of V -invex functions, a class of functions we call JM-invex,
in order to make no confusion with the classes previously introduced.
Definition 3.2. A vector-valued function f : A −→ Rs , A open set of Rn ,
is said to be JM-invex on A if there exist functions η : A × A −→ Rn and
αi : A × A −→ R+  {0} , such that
fi (x) − fi (x0 ) − αi (x, x0 )∇fi (x0 )η(x, x0 ) = 0, ∀x, x0 ∈ A, i = 1, ..., s.
In other words, the scale function can be decomposed in a fixed part,
common to all components, and a variable part, described by αi (x, x0 ). In
the same paper the authors give several examples of JM-invex functions and
obtain sufficient conditions and duality conditions for a vector optimization problem with inequality constraints. An interesting results proved by
Jeyakumar and Mond (see [24, Proposition 2.2]) is the following one.
Theorem 3.10. Let f : A −→ Rs be JM-invex. Then x0 ∈ A is a weakly
efficient solution of (VP)0 if and only if x0 is a vector stationary point for
(VP)0 .
The class of JM-invex functions has been characterized by Craven in
[13].
3.4. A nonsmooth vector invex case
Invex functions have been extended to nonsmooth functions in various ways,
see, e.g., [10, 20, 25]. Here we consider the extension to locally Lipschitz
functions, endowed with generalized Clarke derivatives (see [11]).
The generalized Clarke directional derivative of a locally Lipschitz function f : Rn −→ R at x in the direction d is denoted by f o (x, d) and is given
by
f (y + td) − f (y)
f o (x, d) = lim sup
.
t
y→x, t↓0
The Clarke generalized subgradient of f at x is denoted by ∂f (x) and is
given by
∂f (x) = {ξ : f o (x, d) = ξd, ∀d ∈ Rn } .
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Definition 3.3. A locally Lipschitz function f : A −→ R, A open set of
Rn , is Clarke-invex (C-invex) on A if, for all x, x0 ∈ A there exists a
function η : A × A −→ Rn such that
f (x) − f (x0 ) = ξη(x, x0 ), ξ ∈ ∂f (x0 ).
We now consider a vector optimization problem with inequality constraints:

V -minimize f (x)
(VP)
subject to g(x) 5 0,
s
where f : A −→ R and g : A −→ Rm are locally Lipschitz functions on the
open set A ⊂ Rn .
We extend to the nonsmooth case the definition given by Jeyakumar and
Mond in [24] for the differentiable case.
Definition 3.4. The problem (VP) is said to be Clarke-Jeyakumar-Mond
invex (CJM-invex) if there exist η : A × A −→ Rn and αi , βj : A × A −→
R+  {0} such that, for every x, x0 ∈ A :
fi (x) − fi (x0 ) − αi (x, x0 )ξi η(x, x0 ) = 0, ξi ∈ ∂fi (x0 )
gj (x) − gj (x0 ) − βj (x, x0 )ζj η(x, x0 ) = 0, ζj ∈ ∂gj (x0 ).
Theorem 3.11. Let the following nonsmooth Karush-Kuhn-Tucker conditions for (VP) be satisfied at a feasible point x0 :
0∈

s
X

τi ∂fi (x0 ) +

i=1

m
X

λj ∂gj (x0 ),

j=1

λj gj (x0 ) = 0, j = 1, ..., m,
τ ≥ 0, λ = 0.
If (VP) is CMJ-invex, then x0 is a weakly efficient point for (VP).
P
P
0
Proof. The condition 0 ∈ si=1 τi ∂fi (x0 ) + m
j=1 λj ∂gj (x ) implies there
0
0
exist ξi ∈ ∂fi (x ), ζj ∈ ∂gj (x ) such that
X

τi ξi +

X

i

λj ζj = 0.

j

From CMJ -invexity of (VP) we have
fi (x) − fi (x0 ) − αi (x, x0 )ξi η(x, x0 ) = 0, ξi ∈ ∂fi (x0 )
gj (x) − gj (x0 ) − βj (x, x0 )ζj η(x, x0 ) = 0, ζj ∈ ∂gj (x0 ).

(3.4)
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Since αi (x, x0 ) > 0, βj (x, x0 ) > 0, τi = 0 (not all zero) and λj = 0, the
above system of inequalities implies
X πi (fi (x) − fi (x0 ))

+

X λj (gj (x) − gj (x0 ))

αi (x, x0 )
βj (x, x0 )
j
X
X
=(
τi ξi +
λj ζj )η(x, x0 )

i

i

=

j

P
0
for all i τi ξi + j λj ζj ∈ i=1 τi ∂fi (x0 )+ m
j=1 λj ∂gj (x ). Now, for ξi and
ζj satisfying (3.4) we get
X
X
τi (fi (x) − fi (x0 )/αi (x, x0 ) +
λj (gj (x) − gj (x0 ))/βj (x, x0 ) = 0. (3.5)
P

Ps

P

i

j

Now suppose x0 is not a weakly efficient solution for (VP). Then there exists
a feasible x such that fi (x) < fi (x0 ), i = 1, ..., s. This implies
s
X

τi (fi (x) − fi (x0 )/αi (x, x0 ) < 0.

(3.6)

i=1

Also since x is feasible in (VP) and λj gj (x0 ) = 0, j = 1, ..., m, we have
X
λj (gj (x) − gj (x0 ))/βj (x, x0 ) 5 0.
(3.7)
j

Adding (3.7) to (3.6) gives
X
X
τi (fi (x) − fi (x0 )/αi (x, x0 ) +
λj (gj (x) − gj (x0 ))/βj (x, x0 ) < 0,
i

contradicting (3.5).

j

2
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A characterization of pseudoinvexity in multiobjective programming, Math. Comput.
Modelling, 48 (2008), 1719-1723, http://dx.doi.org/10.1016/j.mcm.2008.05.054.
[2] K.J. Arrow and A.C. Enthoven, Quasi-concave programming, Econometrica, 29
(1961), 779-800, http://dx.doi.org/10.2307/1911819.
[3] K.J. Arrow, L. Hurwicz and H. Uzawa, Constraint qualifications
in maximization problems, Naval Res. Logist. Q., 8 (1961), 175-181,
http://dx.doi.org/10.1002/nav.3800080206.
[4] C.R. Bector and C. Singh, B-vex functions, J. Optim. Theory Appl., 71 (1991),
237-253, http://dx.doi.org/10.1007/bf00939919 .
[5] C.R. Bector, S. Chandra and M.K. Bector, Sufficient optimality conditions and
duality for a quasiconvex programming problem, J. Optim. Theory Appl., 59 (1988),
209-221, http://dx.doi.org/10.1007/bf00938309.

208

Giorgio Giorgi

[6] A. Ben-Israel and B. Mond, On sufficient optimality conditions for mathematical
programs with equality constraints, J. Optim. Theory Appl., 47 (1985), 253-255,
http://dx.doi.org/10.1007/bf00940772.
[7] A. Ben-Israel and B. Mond, What is invexity?, J. Aust. Math. Soc. Ser. B, 28
(1986), 1-9, http://dx.doi.org/10.1017/s0334270000005142.
[8] A. Cambini and L. Martein, Generalized Convexity and Optimization, Springer,
New York, 2009, http://dx.doi.org/10.1007/978-3-540-70876-6.
[9] E.
Caprari,
ρ-invex
functions
and
properties
and
equivalences,
Optimization,
http://dx.doi.org/10.1080/0233193021000058968.

(F, ρ)-convex
functions:
52
(2003),
65-74,

[10] M. Castellani, Nonsmooth invex functions and sufficient optimality conditions, J.
Math. Anal. Appl., 255 (2001), 319-332, http://dx.doi.org/10.1006/jmaa.2000.7263.
[11] F.H. Clarke, Optimization and Nonsmooth Analysis, Wiley-Interscience, New York,
1983.
[12] B.D. Craven, Lagrangian conditions and quasiduality, Bull. Aust. Math. Soc., 16
(1977), 325-339, http://dx.doi.org/10.1017/s0004972700023431.
[13] B.D. Craven, Characterizing invex and related properties, in Generalized Convexity,
Generalized Monotonicity and Applications, A. Eberhard, N. Hadjisavvas and D. The
Luc (Eds.), pp. 183-191, Springer, New York, 2005, http://dx.doi.org/10.1007/0-38723639-2 11.
[14] B.D. Craven and B.M. Glover, Invex functions and duality, J. Aust. Math. Soc.
Ser. A, 39 (1985), 1-20, http://dx.doi.org/10.1017/s1446788700022126.
[15] J.P. Crouzeix and J.A. Ferland, Criteria for quasi-convexity and pseudoconvexity: relationships and comparisons, Math. Program., 23 (1982), 193-205,
http://dx.doi.org/10.1007/bf01583788.
[16] F. Giannessi, Constrained Optimization and Image Space Analysis. Volume
1, Separation of Sets and Optimality Conditions, Springer, New York, 2005,
http://dx.doi.org/10.1007/0-387-28020-0.
[17] G. Giorgi, A note on the relationships between convexity and invexity, J. Aust.
Math. Soc. Ser. B, 32 (1990), 97-99, http://dx.doi.org/10.1017/s0334270000008225.
[18] G. Giorgi, On sufficient optimality conditions for a quasiconvex programming problem, J. Optim. Theory Appl., 81 (1994), 401-405, http://dx.doi.org/
10.1007/bf02191671.
[19] G. Giorgi, Optimality conditions under generalized convexity revisited, Ann. Univ.
Buchar. Math. Ser., 4 (LXII) (2013), 479-490.
[20] G. Giorgi and A. Guerraggio, Various types of nonsmooth invex functions, J. Inf.
Optim. Sci., 17 (1996), 137-150, http://dx.doi.org/10.1080/02522667.1996.10699267.
[21] G. Giorgi, B. Jimenez and V. Novo, Sufficient optimality conditions and duality
in nonsmooth multiobjective optimization problems under generalized convexity, in
Generalized Convexity and Related Topics, I. V. Konnov, D. The Luc and A. Rubinov
(Eds.), pp. 265-278, Springer Verlag, Berlin, 2007, http://dx.doi.org/10.1007/978-3540-37007-9 15.
[22] G. Giorgi and E. Molho, Generalized invexity: relationships with generalized convexity and applications to optimality and duality conditions, in Generalized Concavity
for Economic Applications, P. Mazzoleni (Ed.), pp. 53-70, A.M.A.S.E.S.-University
of Pisa, Faculty of Economics, 1992.
[23] M.A. Hanson and B. Mond,
Further generalizations of convexity
in mathematical programming, J. Inf. Optim. Sci., 3 (1982), 25-32,
http://dx.doi.org/10.1080/02522667.1982.10698716.

209

First-order optimality conditions

[24] V. Jeyakumar and B. Mond,
On generalised convex mathematical programming, J. Aust. Math. Soc. Ser. B, 34 (1992), 43-53,
http://dx.doi.org/10.1017/s0334270000007372.
[25] R.N. Kaul, S.K. Suneja and C.S. Lalitha, Generalized nonsmooth invexity, J. Inf.
Optim. Sci., 15 (1994), 1-17, http://dx.doi.org/10.1080/02522667.1994.10699163.
[26] D.S. Kim, G.M. Lee, B.S. Lee and S.J. Cho, Counterexample and optimality
conditions in differentiable multiobjective programming, J. Optim. Theory Appl.,
109 (2001), 187-192, http://dx.doi.org/10.1023/a:1017570023018.
[27] J.B. Lasserre, On representations of the feasible set in convex optimization, Optim.
Lett., 4 (2010), 1-15, http://dx.doi.org/10.1007/s11590-009-0153-6.
[28] X.F. Li, J.L. Dong and Q.H. Liu, Lipschitz B-vex functions and
nonsmooth programming, J. Optim. Theory Appl., 93 (1997), 557-574,
http://dx.doi.org/10.1023/a:1022643129733.
[29] A.A.K. Majumdar,
Optimality conditions in
jective programming,
J. Optim. Theory Appl.,
http://dx.doi.org/10.1023/a:1022667432420.

differentiable
92 (1997),

multiob419-427,

[30] O.L. Mangasarian, Nonlinear Programming, McGraw-Hill, New York, 1969.
[31] J.E. Martinez-Legaz, What is invexity with respect to the same η?, Taiwanese J.
Math., 13, 2B (2009), 753-755.
[32] B. Martos, Nonlinear Programming. Theory and Methods, North Holland, Amsterdam, 1975.
[33] S.K. Mishra and G. Giorgi, Invexity and Optimization, Springer, Berlin, 2008,
http://dx.doi.org/10.1007/978-3-540-78562-0.
[34] S. Mititelu, Extremum conditions for nonlinear functions on convex sets, Rev. Fr.
Automat. Inform. Rech. Oper., 8 (1974), 113-118.
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