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1. Introduction, definitions and notations

We denote by C the set of all finite complex numbers. Let f be a meromor-
phic function defined on C. We use the standard notations and definitions
in the theory of entire and meromorphic functions which are available in [22]
and [28].

Let f be a non-constant meromorphic function defined in the open
complex plane C. Also let ng;n1j,...nk;(k > 1) be non-negative integers such

that for each j, Enw > 1. We call M; [f] = A; (f)"» (f(l))n” (f(k))nkj

where T'(r, Aj) = S (r, f) to be a differential monomial generated by f.
k

The numbers vyr; = Enw and I'yrj = > (i + 1)ny; are called respec-
=0

tively the degree and We1ght of M;[f] (see [21], [26]). The expression
Plf] = ZMJ[ ] is called a differential polynomial generated by f. The

numbersyp = 1121a><< ymj and I'p = 121&2{ I'prj are called respectively the
i< Jj<'s
degree and weight of P [f] (see [21], [26]). Also we call the numbers P =

1r<nu} ym; and k (the order of the highest derivative of f) the lower degree
AR
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and the order of P [f] respectively. If 7, = vp, P[f] is called a homoge-

neous differential polynomial. Throughout the paper we consider only the
non-constant differential polynomials and we denote by Py [f] a differential
polynomial not containing f i.e., for which ng; = 0 for j = 1,2,...s. We
consider only those P [f], Py [f] singularities of whose individual terms do
not cancel each other. We also denote by M [f] a differential monomial
generated by a transcendental meromorphic function f.

In the sequel the following definitions are well known:

Definition 1.1. Let ‘a’ be a complex number, finite or infinite. The Nevan-
linna deficiency and the Valiron deficiency of ‘a’ with respect to a meromor-
phic function f are defined as

. Ny (r,a) .. my(r,a)
0(a; f) =1 —limsup———— = liminf ————=
(a; f) P i

and

.. Ng(r,a) . my (1, a)
Ala; f)=1-1 f————= =1 —
(G =1 IRy T o

Definition 1.2. The quantity ©(a; f) of a meromorphic function f is de-
fined as follows

O(a; f)=1-— ligs;ip]w.

Definition 1.3. (see [30]) For a € CU {oc}, we denote by ny—(r,a), the
number of simple zeros of f —a in |z| <. Ny_i(r,a) is defined in terms of
ny=1(r,a) in the usual way. We put

Ny—q(r,a)
. fl=1\"

Y =11 =V
01(a; f) 1rm sup ()

)

the deficiency of ‘a’ corresponding to the simple a-points of f i.e., simple
zeros of f —a.

Yang proved in [29] that there exists at most a denumerable number
of complex numbers a € C U {oo} for which one has d;(a; f) > 0 and

Y. Oi(a; f) <4

ac€CU{oo}

Definition 1.4. (see [23]) Fora e CU{oo}, let n,(r,a; f) denote the number
of zeros of f —a in |z| < r, where a zero of multiplicity < p is counted
according to its multiplicity and a zero of multiplicity > p is counted exactly
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p times and Ny(r,a; f) is defined in terms of ny(r,a; f) in the usual way.
We define
. Ny(r,a; f)
dy(a; f) =1 — limsup———22.
p( f) r%oop Tf (T)

Definition 1.5. (see [4]) P[f] is said to be admissible if
(i) P[f] is homogeneous, or

(ii) P[f] is non homogeneous and m¢(r) = S¢(r).

During the past decades, several authors (see [5]—[16], [25]) made closed
investigations on comparative study of the growth properties of composite
entire or meromorphic functions in different directions using order (lower
order) and differential polynomials and differential monomials generated by
one of the factors. The growth indicator such as order (lower order) of
entire or meromorphic function which is generally used in computational
purpose is defined in terms of the growth of that function with respect to
the exponential function is shown in the following definition:

Definition 1.6. The order py (the lower order Ag) of an entire function f
1s defined as

: log log M (r) . log log M (r)
py = limsup = limsup———"—~=
r—oo loglog Mexp » (1) oo log (r)
loglog M log log M
Ay = liminf 08108 Mr (1), 5, ploglog M, (r)
r—>00 lOg lOg Mexpz (T’) T—>00 log (7")

When f is a meromorphic, one may easily prove that

log T (r) log T (r) log T (r)

= limsup—————~~ = limsu = limsup———————
pf T—)oop IOg Texpz (7’) T—)oop log (%) r—>oop log (7’) + O(l)
logT logT logT
A = liminf 28T g8 T () gy 08Ty () )
r=00 log Texpz (1) m—=o0 log (L) r—o0 log (1) + O(1)

Both entire and meromorphic function have regular growth if their order
coincides with thier lower order.

For a non-constant entire function f, M¢(r) and T (r) are both strictly
increasing and continuous functions of r and their inverses Mf_l(r)

(1f (0)],00) — (0,00) and Tf_1 : (Tt (0),00) — (0,00) respectively exist
where lim M (s) = oo and lim ijl (s) = co. In this connection we just
S§—00

recall the following definition which is relevant to our study:

Definition 1.7. (see [3]) A non-constant entire function f is said have the
property (A) if for any o > 1 and for all sufficiently large v, [My (7“)]2 <
My (r7) holds. For examples of functions with or without the Property (A),
one may see [3].
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Bernal (see [2], [3]) initiated the idea of relative order of an entire function
f with respect to another entire function g, symbolized by p4 (f) to keep
away from comparing growth just with exp z which is as follows:

pg (f) = inf{u>0:M;(r) < Mg(r*) for all 7 > ro (u) > 0}
] logMg’le (r)
= limsup—————=.
r—00 10g7“

The definition agrees with the classical one [27] if g (z) = exp z.

Similarly, one may define the relative lower order of an entire function
f with respect to another entire function g symbolized by A, (f) in the
following way:

log M1 M
A (f) = liminfogg—f(r).

r—o0 log r

Extending this idea, Lahiri and Banerjee (see [24]) established the defi-
nition of relative order of a meromorphic function with respect to an entire
function which is as follows:

Definition 1.8. (see [24]) Let f be any meromorphic function and g be any
entire function. The relative order of f with respect to g is defined as

pg (f) = inf{u>0:T(r) <Ty(r") for all sufficiently large r}

. log T, Ty ()
= limsup——>——=.
r—00 10g r

Likewise, one may define the relative lower order of a meromorphic func-
tion f with respect to an entire function g in the following way:

log T, 'T
A () = lim inf 28 e L7 ()

r—00 log r

It is known (cf. [24]) that if g (2) = exp z then Definition 1.8 coincides
with the classical definition of the order of a meromorphic function f .

In the paper we prove some comparative growth properties of composite
entire or meromorphic functions in almost a new direction in the light of
their relative orders and relative lower orders and differential monomials,
differential polynomials generated by one of the factor.
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2. Lemmas

In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1. (see [1]) Let f be meromorphic and g be entire then for all
sufficiently large values of r,

Ty (r)

Tfog (r) < {1+o0(1)} mTf(

My (r)).

Lemma 2.2. (see [7]) Let f be a meromorphic function and g be an entire
function such that Ay < 1 < 00 and 0 < Ay < py < oo. Then for a sequence
of values of v tending to infinity,

Tfog(r) < Ty (exp (1)) .

Lemma 2.3. (see [7]) Let f be a meromorphic function of finite order and
g be an entire function such that 0 < Ay < p < oo. Then for a sequence of
values of v tending to infinity,

Tog(r) < Ty (exp (")) -

Lemma 2.4. (see [18]) Let f be an entire function which satisfy the Prop-
erty (A), 3>0,0 >1 and a > 2. Then

BTy (r) < Ty (ar(s) .

Lemma 2.5. (see [19]) Let f be a meromorphic function either of finite
order or of non-zero lower order such that © (co; f) = > 0p(a; f) =1 or
aF#00
d(c0;f) = > d(a;f) =1 and g be an entire function of regular growth
aFoo
having non zero finite order and © (co;9) = > 0p(a;9) =1 or d (oc0;g) =
aF£oo

Y>> 0(a;g9) = 1. Then the relative order and relative lower order of Py |[f]
aF£oo

with respect to Py [g] are same as those of f with respect to g where Py |[f]
and Py [g] are homogeneous. i.e.,

Prolg) (Po [f]) = pg (f) and Apyig (Po [f]) = A (f) -

Lemma 2.6. (see [17]) Suppose f be a transcendental meromorphic func-

tion of finite order or of non-zero lower order and >,  d1(a; f) = 4. Also
a€CU{o0}

let g be a transcendental entire function of regular growth having non zero

finite order and >  01(a;g) = 4. Then the relative order and relative
ac€CU{oco}
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lower order of M[f] with respect to M|[g] are same as those of f with respect
to g. i.e.,

puig) (M [f]) = pg (f) and Appg) (M [f]) = Ag (f) -

3. Theorems

In this section we present the main results of the paper. It is needless to
mention that in the paper, the admissibility and homogenity of Py [f] for
meromorphic f will be needed as per the requirements of the theorems.

Theorem 3.1. Let g be an entire function and f be a meromorphic function
either of finite order and non-zero lower order with © (co; f) = > 0y (a; f) =
aFoo

Lord(oo;f)= > d(a;f)=1. Let also h be an entire function of reqular

aF£oo
growth having non zero finite order with © (co;h) = > 6,(a;h) =1 or
a#00
d(oosh) = Y2 d(ash) =1 and 0 < Ay (f) < pn(f) < oco. Then for every
a#oo

positive constant pn and each o € (—00,0),

log T T, (1)} T

timinf— 008 T Treg(r)} —0if p> A,

r—oo log leol(h)TpO(f) (exp (rt))

Proof. If 1 + a <0, then the theorem is obvious. We consider 1 4+ a > 0.
Since T} ! (r) is an increasing function of r, it follows from Lemma 2.2 for a
sequence of values of r tending to infinity that

log Th_leog(r) < log Th_le (exp (rH))
ie., log Ty ' Trog(r) < (pn(f)+e)rh (3.1)
Again for all sufficiently large values of r, we get in view of Lemma 2.5 that
log Ty i Tro(p) (exp (7)) = (Apyny (Po(f)) —¢) 7"
i.e., log T;()l(h)TpO(f) (exp (")) > (An(f) —e)rt. (3.2)

Therefore for a sequence of values of r tending to infinity, we obtain from

(3.1) and (3.2) that

{og Ty Tyoy (N} (pu () + ) re+)

log Ty Trycp) (exp ()~ (i (F) =) r* (3.3)

So from (3.3) we obtain that

log T Ts0, ()} T
lim inf {Og h f g('f’)}

© = 0.
r—oo log TPOl(h)TPO(f) (exp (1#))
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This proves the theorem. O

In the line of Theorem 3.1 and with the help of Lemma 2.6, we may state
the following theorem without its proof.

Theorem 3.2. Let g be an entire function and f be a transcendental mero-
morphic function either of finite order and of non-zero lower order with

> di(a; f) = 4. Let also h be a transcendental entire function of
aeCU{oo}
reqular growth having non zero finite order with .  d1(a;h) = 4 and
acCU{oo}
0 < M(f) < pn(f) < oco. Then for every positive constant j and each
a € (—o0,00),

log T T, (1)} T
lim inf {Og h f Q(T)}

r=oo log Ty i D) (exp (1))

=0 if u> Ay

Theorem 3.3. Let f be a meromorphic function with non zero finite or-

der and lower order, g be an entire function either of finite order or of

non-zero lower order such that © (co;g9) = > dp(a;g) =1 or 6 (o0;9) =
a#oo

> 6 (a;9) =1 and h be an entire function of reqular growth having non zero
a#£oo
finite order and © (oo;h) = > 0p(a;h) =1 or §(co;h) = > 6 (a;h) = 1.
a#00 aF#oo
Also let pp, (f) < 0o and A, (g) > 0. Then for every positive constant u and
each a € (—00,00),

_ 14
lim lnf {log Th 1Tfog (T)} )
r—=o log Tjgol(h)TPo(g) (exp (Tu))

=0 p>Ag

The proof is omitted as it can be carried out in the line of Theorem 3.1.

Theorem 3.4. Let f be a meromorphic function with non zero finite order
and lower order, g be a transcendental entire function either of finite order

or of non-zero lower order such that >,  61(a;g) =4 and h be a tran-
ac€CU{oo}
scendental entire function of reqular growth having non zero finite order and
Yo o1(a;h) = 4. Also let py (f) < oo and A, (g) > 0. Then for every
aceCU{oo}
positive constant | and each o € (—00,00),

log T Ty Tt
lim inf {Og h f g(T)}

r—oo log TA}I(h)TM(g) (exp (rH))

=01if p> Ag.

The proof of the above theorem is omitted as it can be carried out in
the line of Theorem 3.3 and with the help of Lemma 2.6.
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Theorem 3.5. Let f be a meromorphic function of finite order with © (005 f)

= > Op(asf) =1 ord(oosf) = > 0(a;f) =1, g be an entire func-
aFoo a#00
tion with non zero finite lower order and h be an entire function of regular

growth having non zero finite order with © (oo;h) = > 6p(a;h) =1 or

a#£oo
d(oo;h) = > d(ash) =1. Also let A\ (f) > 0 and pp, (g9) < oo . Then for
aFoo
every positive constant (1 and each o € (—00,00),
log T, Tpog(r) 3
tim it 108 Tk Treg(r)} —0if > A

r—oo log leol(h)TpO(f) (exp (rt))

Theorem 3.6. Let f be a meromorphic function with finite order, g be an
entire function non zero finite lower order with © (c0;9) = Y 0p(a;9) =1
a#oo

or §(o0;9) = > d(a;9) =1 and h be an entire function of reqular growth
having non zezzéo];nite order with © (co;h) = > dp(a;h) =1 or § (cojh) =
S (a;h) =1. Also let 0 < M\ (9) < pr (9) f&; . Then for every positive
Zi;.:stant w and each o € (—o0, 00) ,

_ 1+«
hm 1nf {10g Th leog (T) }
r—oo log Tlg[)l(h)Tpo(g) (exp (#))

=0 uf p> Ay

We omit the proofs of Theorem 3.5 and Theorem 3.6 as those can be
carried out in the line of Theorem 3.1 and Theorem 3.3 respectively and
with the help of Lemma 2.3.

In the line of Theorem 3.5 and Theorem 3.6 and with the help of Lemma
2.6 we may state the following two theorems without their proofs :

Theorem 3.7. Let f be a transcendental meromorphic function of finite
order with Y,  61(a; f) =4, g be an entire function with non zero finite
a€CU{oo}
lower order and h be a transcendental entire function of reqular growth hav-
ing non zero finite order with > 01(a;h) = 4. Also let \p, (f) > 0 and
a€CU{oo}
pn (g) < 0o. Then for every positive constant u and each o € (—00, 00) ,

log T T Tt
lim inf {Og h f g(?”)}

r=o0 log T T ) (exp ()

=01if p> Ay

Theorem 3.8. Let f be a meromorphic function with finite order, g be a

transcendental entire function non zero finite lower order with >, d1(a; g)
ac€CU{oco}
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=4 and h be a transcendental entire function of regular growth having non

zero finite order with Y. d1(a;h) = 4. Also let 0 < A\, (9) < pp (g9) < o0.
ac€CU{oo}

Then for every positive constant u and each o € (—00,0) ,

=04f p > Ag

Theorem 3.9. Suppose f be a meromorphic function either of finite or-
der or of non-zero lower order such that © (co; f) = > 0p(a;f) =1 or

a#oo
d(o0;f) = >_d(a;f) = 1. Also let h be an entire function of regular
a#00
growth having non zero finite order with © (co;h) = > 6,(a;h) =1 or
a#oo
d(co;h) = > d(a;h) =1 and g be any entire function such that py, (f) < 0o
a#oo

and \p, (f o g) = 0o. Then

lim log T,;leog (r) o
7’_>O°10g Tlgol[h}Tpo[f] (T)

Proof. Let us suppose that the conclusion of the theorem does not hold.
Then we can find a constant 8 > 0 such that for a sequence of values of r
tending to infinity,

log Tj, ' Toq (r) < Blog T;(}[h]TPOm (r). (3.4)

Again from the definition of pp, ) (FPo [f]) , it follows for all sufficiently large
values of r and in view of Lemma 2.5 that

log Tﬁ)l[h]TPO[f] (r) < (ppo (Polf]) +€)logr
i.e., log T;():L[h]TPO[f] (r) < (pn(f)+e)logr. (3.5)

Thus from (3.4) and (3.5), we have for a sequence of values of r tending to
infinity that

log Ty 'Trog (r) < Blpn(f)+e)logr
log Ty, 'Tyog () _ Bpn(f) +¢)logr

i.€., <
log r log r
log T) Ty
i.e., liminngh—fg(T) = M (fog) <oo.
r—00 log r

This is a contradiction. Hence the theorem follows. O
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Remark 3.1. Theorem 3.9 is also valid with “limit superior” instead of
“limit” if Ay, (f o g) = oo is replaced by pp, (f o g) = oo and the other condi-
tions remain the same.

Corollary 3.1. Under the assumptions of Theorem 3.9 and Remark 3.1,

T, ' Tys T, Ty
lim —jﬁ fog (7) = oo and lim sup—fi fog (7) =00
=20 Tp i TRl (1) r=oo Tp i Trys) (1)

respectively hold.

The proof is omitted.

Analogously one may also state the following theorem and corollaries
without their proofs as those may be carried out in the line of Remark 3.1,
Theorem 3.9 and Corollary 3.1 respectively.

Theorem 3.10. Let g be an entire function either of finite order or of
non-zero lower order such that © (c0;9) = Y 0p(a;9) =1 or 6 (oc0;g) =
a#oo

Y>> d(a;g) = 1. Also let h be an entire function of reqular growth hav-
Z:goonon zero finite order with © (oco;h) = Y 6, (a;h) =1 or 6 (oo;h) =
Y>> 0(a;h) =1 and f be any meromorphica}é;:wtion such that pp (g) < oo
(;Zz?ph (fog) =o00. Then

log T, 1T
lim sup sl _hl fog ()
r—00 log TPo [h]TPO lq] (7‘)

= Q.

Remark 3.2. Theorem 3.10 is also valid with “limit” instead of “limit supe-
rior” if pp, (f o g) = oo is replaced by \j, (f o g) = oo and the other conditions
remain the same.

Corollary 3.2. Under the assumptions of Theorem 3.10 and Remark 3.2,

1Ty,
—n 19 L — 0 and limwzw
700 TPo[h}TPO[Q} (r) THOOTPO[h}TPO[g] (r)

respectively hold.
In the line of Theorem 3.9 and Theorem 3.10 and with the help of Lemma

2.6, we may state the following two theorems without their proofs.

Theorem 3.11. Suppose f be a transcendental meromorphic function ei-

ther of finite order or of non-zero lower order such that >  61(a; f) = 4.
ac€CU{oo}
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Also let h be a transcendental entire function of reqular growth having non
zero finite order with >, 01(a;h) =4 and g be any entire function such

a€CU{oo0}
that pp, (f) < 00 and A\, (f o g) = co. Then
o log Th_leog (r)
r—oo]og T]\jll[h} TM[f] (r)

= OQ.

Remark 3.3. Theorem 3.11 is also valid with “limit superior” instead of
“limit” if Ay, (f o g) = oo is replaced by pp, (f © g) = oo and the other condi-
tions remain the same.

Corollary 3.3. Under the assumptions of Theorem 3.11 and Remark 3.3,
Ti;leOQ (r) Ti:leog (r)

lim —% =00 and imsup—————— =0
=20 T i Taagp (7) r=oo Ty Ty (r)

respectively hold.

The proof is omitted.

Theorem 3.12. Let g be a transcendental entire function either of finite

order or of non-zero lower order such that >  d1(a;g) = 4. Also let h
ac€CU{oco}
be a transcendental entire function of reqular growth having non zero finite

order with > d1(a;h) = 4 and [ be any meromorphic function such
acCU{oo}
that pp, (g) < 0o and pp (f o g) = co. Then

log T, YT
lim sup 8 _hl Jog (r)
r—00 log TM[h} TM[g] (7“)

= OQ.

Remark 3.4. Theorem 3.12 is also valid with “limit” instead of “limit supe-
rior” if pp, (f o g) = oo is replaced by A\j, (f o g) = oo and the other conditions
remain the same.

Corollary 3.4. Under the assumptions of Theorem 3.12 and Remark 3.4,

T Ty,
limsup—h1 / g(r)

r=o0 Ty Do) (7) roo T Tgg) (1)

respectively hold.

Theorem 3.13. Let f be a meromorphic function either of finite order or
of non-zero lower order with © (co; f) = > 0p(a;f) =1 or 6 (o0; f) =
a#00
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Y>> 0(a;f) = 1, g be an entire function and h be an entire function of
a#00
reqular growth having non zero finite order with © (co;h) = > §,(a;h) =1
aF#o00
or §(oco;h) = > 0(a;h) =1 and satisfy the Property (A). Also let Ay <
a#oo

An (f) < pn(f) < oo. Then

Proof. Let 8 > 2 and 0 > 1. Since Th_1 (r) is an increasing function of r,
it follows from Lemma 2.1 and Lemma 2.4, for all sufficiently large values
of r that

Ty ' Trog (r) < T, {14 0(1)} Ty (Mg (7))]
i, Ty Thog (r) < BT Ty (M, (r))]°
<

i.e., log T, " Thog (1) Slog Ty, ' Ty (M, (r)) + O(1).

Therefore from above, we get for a sequence of values of r tending to infinity
that

log Ty Tog () < 6 (o1 () + &) log M (r) + O(1) (3.6)

ice., log Ty Tiog (1) < 8 (pn () +2) ™ + O(1). (3.7)

Again from the definition of relative order, we obtain in view of Lemma 2.5
for all sufficiently large values of r that

WV
<
—
>
F
X
I
=
I
m
~—

—1
Tpoiny Lol (r)
e TpinTroin (1) > rOn(f)=e), (3.8)

Thus in view of (3.7) and (3.8), we get for a sequence of values of r tending
to infinity,

log Ty, 'Tog (1) 0 (pn (f) +€) et 4+ 0(1)
1 < On(H—2) :
Tpy i Trots) (1) "

(3.9)

Now as Ay < Ap (f), we can choose ¢ (> 0) in such a way that \; + ¢ <
An (f) — € and the theorem follows from (3.9). O

Remark 3.5. If we take p, < A\, (f) < pn (f) < oo instead of Ay < Ay (f) <
pr (f) < oo and the other conditions remain the same, the conclusion of
Theorem 3.13 remains valid with “limit inferior ” replaced by “ limit ”.
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Theorem 3.14. Let f be a transcendental meromorphic function either of

finite order or of non-zero lower order with >, d1(a; f) = 4, g be an
ac€CU{oco}
entire function and h be a transcendental entire function of reqular growth
having non zero finite order with > d1(a;h) = 4 and satisfy the Prop-
ac€CU{oco0}
erty (A). Also let A\g < Ay (f) < pn (f) < o0o. Then

log T T
lim inf()gh—fg(r)

r=voos Ty Ty (7)

=0.

The proof of the above theorem is omitted as it can be carried out in
the line of Theorem 3.13 and with the help of Lemma 2.6.

Remark 3.6. If we consider p, < A, (f) < pp(f) < oo instead of Ay <
An (f) < pn (f) < oo and the other conditions remain the same, the conclu-
sion of Theorem 3.14 remains valid with “limit inferior”replaced by “limit”.

Theorem 3.15. Let f be a meromorphic function, g be an entire function
either of finite order or of non-zero lower order with © (oo; f) = Y 6, (a; f)
aFoo

=1ord(oo;f) = > d(a;f) =1 and h be an entire function of regular

aF£oo
growth having non zero finite order with © (co;h) = > 6y (a;h) = 1 or
aFoo
d(ocosh) = > d(a;h) =1. Also let py, (f og) < oo and A\, (g) > 0. Then

a#00

[log T3 o (r)]”

lim 1 —1 =0.
=00 Ty Trog) (exp7) - 108 T 1 Tpy (g) (7)

Proof. For any arbitrary positive €, we have in view of Lemma 2.5 for all
sufficiently large values of r that

l0g T}, " Tfoq (r) < (pn (f 0 g) + &) logr (3.10)
and
log T i Tro(e) (1) = (Apy(n) (Polg)) —€) logr
i.e., log Tlgol(h)Tpo(g) (r) > (M (g)—¢)logr. (3.11)

Similarly, for all sufficiently large values of r we have

log T {1 Tro(g) (x07) > (Apypy (Polg]) =€) v
i.e., Tlgol(h)Tpo(g) (expr) > exp[(An(g) —e)7]. (3.12)
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From (3.10) and (3.11) , we have for all sufficiently large values of r that

log Ty ' Tyog (1) _ (pn(fog) +e)logr
log TI;OI(}L)TPO(g) (T) B ()‘h (g) - 5) log 7

As € (> 0) is arbitrary, we obtain from above that

log T, T
Jim sup og }f f g(r) < pr (fog)

rvoo 10g Tyl Tryg) (1)~ A (9)

. (3.13)

Again from (3.10) and (3.12) , we get for all sufficiently large values of r that

log Th_leog (7“) < (ph (f o g) + 5) IOgT‘
TrinTroe) (expr) — exp[(n () =) 7]

Since ¢ (> 0) is arbitrary, it follows from above that

log T, 'T¥o
lim sup _Cig n Trog (7) = 0
r=oo T iy Try(g) (expr)

—1
i, tim —28Th Treg(r) ) (3.14)
20T Try () (exp)

Thus the theorem follows from (3.13) and (3.14) . O

In view of Theorem 3.15, the following two theorems can be carried out.
Hence their proofs are omitted.

Theorem 3.16. Let f a meromorphic function either of finite order or of

non-zero lower order such that © (oo; f) = > 6p(a; f) =1 or §(oo; f) =
a#oo

Y>> d(a; f) = 1, g be any entire function and h be an entire function of

aF£oo

regular growth having non zero finite order with © (co;h) = > 6, (a;h) =1

a#00
ord(oco;h)= > 0(a;h) =1. Alsolet pp (fog) < oo and A (f) > 0. Then
aFoo
_ 2
log 7, Ty ()] N

lim — -
r=oo T i Ty (€30 (1)) - 1og T 3 T (1)

Theorem 3.17. Let f be a meromorphic function either of finite order or
of non-zero lower order such that © (co; f) = > 0p(a; f) =1 ord(oo; f) =
aFoo

Y>> 0(a; f) =1, g be an entire function either of finite order or of non-

a#0o

zero lower order such that . ©(a;g9) = 2 and h be an entire function of
a#00
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reqular growth having non zero finite order and © (co;h) = > §p(a;h) =1

a#00
or 6 (co;h) = > d(a;h) = 1. Also let pp(fog) < oo, \p(g) > 0 and
aF#00
An (f) > 0. Then
log Tj Tfog (r)]”
(i) lim 198, Tyog (7)] = 0 and

r=o T iy Tiy(g) (expr) - 1og T 4 Ty (1)
_ 2
(i) lim o8 T, Tieg (1) _)
72Ty Tro(p) (xp7) - Tog T () Ty g) (1)

In the line of Theorem 3.15, Theorem 3.16 and Theorem 3.17 and with
the help of Lemma 2.6 we may state the following three theorems without
their proofs.

Theorem 3.18. Let f be a meromorphic function, g be a transcenden-
tal entire function either of finite order or of non-zero lower order with

> d1(a;g9) = 4 and h be a transcendental entire function of regular
a€CU{oo}
growth having non zero finite order with Y.  di(a;h) = 4. Also let
acCU{o0}
pn (fog) <oo and A\, (g) > 0. Then

[log T3 Ty ()]

lim —— =) =0.
TﬁOOTM(h)TM(g) (expr) - log TM(h)TM(g) (r)

Theorem 3.19. Let f a transcendental meromorphic function either of fi-

nite order or of non-zero lower order such that Y, o1(a;f) = 4, ¢
ac€CU{o0}
be any entire function and h be a transcendental entire function of regu-
lar growth having non zero finite order with >  d1(a;h) = 4. Also let
a€CU{oo0}
pn (fog) <ooand N\ (f) > 0. Then

_ 2
T
r—r00 T]Q%h)TM(f) (exp 7“) . IOg T&l(h)TM(f) (T)

=0.

Theorem 3.20. Let f be a transcendental meromorphic function either of
finite order or of non-zero lower order such that >  01(a; f) =4, g be
a€CU{oo}
a transcendental entire function either of finite order or of non-zero lower
order such that >,  61(a;g) =4 and h be a transcendental entire func-
ac€CU{oco0}
tion of regular growth having non zero finite order and .  d1(a;h) = 4.
ac€CU{oco0}
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Also let pp (f 0 g) <00, Ap(g) >0 and A\ (f) > 0. Then

log T, Tro, ()]
(i) lim g7, fg()] = 0 and

TﬁwTA}%h)TM(Q) (expr) - log T M(h) () (1)

2
log T}, ' T
(i) lim 08T}, Tyog (7)] = 0.
7“—>ooT

i D) (expr) -log Ty Targ) (7)

Theorem 3.21. Let f be a meromorphic function either of finite order or
of non-zero lower order with © (co; f) = > 0p(a;f) =1 or 6 (o0; f) =
a#00

Y>>0 (a; f) =1, g be an entire function with finite order and h be an entire
a#oo

function of regular growth having non zero finite order with © (co;h) =
Y. dp(ash) =1 ord(oo;h) = > d(a;h) =1 and satisfying the Property
a#0o a#00

(A). Also let 0 < M\ (f) < pn (f) < 0o. Then

log? T, 1Ty,
lim sup o8 og (7) < Py .
r—00 log P, (h)TPO(f) (7") Ah (f)

Proof. From (3.6) and in view of Lemma 2.5, it follows for all sufficiently
large values of r that

log Ty 1Ty, (1) < logi? M, (r) + O(1)

. log!? T*ITfog (r) < log? Mgy (r)+0(1) logr
logT Po(h )Tpo(f) (r) — logr log Py (h)TPO(f) (r)
logl? 17711y, 2
o BT Tron ) 0B M ) + O
r—oo logTp, (h)TpO( )( T) r—00 ogr
. log r
- lim sup I
T—>00 logT (h)TPO(f) (’I”)
log"” T‘leo (r) 1 p
., limsup — g < pg- =9 _
r—00 logT Po(h )Tpo( )( T) I APy (h) (Po(f) A (f)
This proves the theorem. O

Theorem 3.22. Let f be a meromorphic function, g be an entire function
of finite order with © (00;9) = > 0p(a;9) =1 ord(oco;9) = > 6(a;9) =1
a#oo a#oo
and h be an entire function of regular growth having non zero finite order
with © (co;h) = Y 6y (a;h) =1 or 6 (oo;h) = > d(a;h) =1 and satisfy-
a#00 a7#oo
ing the Property (A). Also let p, (f) < oo and M\ (g) > 0. Then

log? T, 1Ty,
lim sup o8 oo (7) < Py .
r—00 log Py (h)TPO( )( ) )‘h (g)
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The proof of Theorem 3.22 is omitted as it can be carried out in the line
of Theorem 3.21.

Theorem 3.23. Let f be a transcendental meromorphic function either of

finite order or of non-zero lower order with >, d1(a; f) = 4, g be an
a€eCU{oo}
entire function with finite order and h be a transcendental entire function

of regular growth having non zero finite order with >,  d1(a;h) =4 and
a€CU{oo}
satisfy the Property (A). Also let 0 < A, (f) < pn (f) < 0o. Then

lim sup log " T3 Tyeq (r) < P
r—00 IOgT]\}%h)TM(f) (’I”) Y (f)

Theorem 3.24. Let f be a meromorphic function, g be a transcendental
entire function of finite order with Y. d1(a;g) = 4 and h be a transcen-
a€CU{oo}
dental entire function of regqular growth having non zero finite order with
> d1(a;h) = 4 and satisfy the Property (A). Also let pp, (f) < oo and
a€CU{oo}
An (g) > 0. Then

The proof of the above two theorems are omitted as those can be carried
out in the line of Theorem 3.21 and Theorem 3.22 respectively and with the
help of Lemma 2.6.

Theorem 3.25. Let f be a meromorphic function either of finite order or

of non-zero lower order such that © (co; f) = > 0p(a; f) =1 ord (oo; f) =
a#00

Y>> d(a; f) =1, g be an entire function with finite order and h be an entire
a#oo
function of regular growth having non zero finite order with © (oco;h) =
Y. dp(ash) =1 ord(oo;h) = Y d(a;h) =1 and satisfy the Property (A).
a#00 a#00

Also let 0 < Ay (f) < pn (f) < 00. Then

—1

tim ——8 T Trop ()
r=log T i Tro(y) (exprH)

2007

where pg < p < 00.

Proof. Let us consider 8 > 2 and § > 1. As T; ! (r) is an increasing
function of 7, in view of Lemma 2.1 we get from(3.6) for all sufficiently large
values of r,

log T, *Tyog (1) < 6 (pn (f) +) 7P + O(1). (3.15)
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Also from the definition of the relative lower order and in view of Lemma
2.5, we obtain for all sufficiently large values of r that

log Tl%l(h)TPO(f) (exp (")) = (Apy(ny (Po(f)) — ) log {exp (r)}
i.e., logTJ;OI(h)Tpo(f) (exprt) > (An (f) —e) . (3.16)

Now from (3.15) and (3.16), it follows for all sufficiently large values of r
that

log T) ' Tyoq (1) §(pn (f) +¢e)rrate +0(1)

o8 T Ty (expr) ~  Ow () =) 40
As py < p1, we can choose € (> 0) in such a way that
pg + € < i (3.18)
Thus from (3.17) and (3.18), we obtain that
i — 8T Treo ()
r—oo]og TPo(h)TPO(f) (exprH)
Thus the theorem follows. i

In the line of Theorem 3.25, we may state the following theorem without
its proof.

Theorem 3.26. Let f be a meromorphic function, g be an entire function
either of finite order or of non-zero lower order with © (00; g) = Y 0p (a;9) =
a#oo

1 ord(oo;g9) = >, d(a;9) = 1 and h be an entire function of regular

aFoo
growth having non zero finite order with © (oo;h) = > 6y (a;h) =1 or
a#£oo
d(oo;h) = > d(a;h) =1 and satisfy the Property (A). Also let A\, (g) > 0

a#00
and py, (f) < co. Then for every p with py < p < oo,

-1
lim log T} " T'toq (1)

r—oolog Tlgol(h)TpO(g) (exprt)

=0.

In the line of Theorem 3.25 and Theorem 3.26 and with the help of
Lemma 2.6, we may state the following two theorems without their proofs.

Theorem 3.27. Let f be a transcendental meromorphic function either of

finite order or of non-zero lower order such that Y.  01(a;f) =4, g be
acCU{oo}

an entire function with finite order and h be a transcendental entire function
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of reqular growth having non zero finite order with >,  d1(a;h) =4 and
ac€CU{o0}
satisfy the Property (A). Also let 0 < A, (f) < pn (f) < 0o. Then

lim log Th_leog (r) .
r—oo]og T]\}%h)TM(f) (exp rH)

where pg < p < 00.

Theorem 3.28. Let f be a meromorphic function, g be a transcenden-
tal entire function either of finite order or of non-zero lower order with
> 01(a;9) = 4 and h be a transcendental entire function of regular
ac€CU{oo}
growth having non zero finite order with > d1(a;h) = 4 and satisfy the
a€CU{oo}
Property (A). Also let A\ (g) > 0 and pp (f) < co. Then for every p with
Pg < :U’ < 00,
-1
lim 10_g1 Ty Tyog(r)  _
r=oolog Ty Th(g) (exprH)
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