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Contribution of the spin-Zeeman term
to the binding energy for hydrogen
in non-relativistic QED.
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Abstract - We show that the spin-Zeeman term contributes at least to
the same order as the first radiative correction of the binding energy for
hydrogen atom in non relativistic quantum electrodynamics obtained in the
spinless case [§].
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1. Introduction

For a hydrogen-like atom consisting of an electron interacting with a static
nucleus of charge eZ described by the Schrodinger-Coulomb Hamiltonian
—A — aZ/|z|, the quantity

Z Za)?
infspec(—A)—infspec(—A_%) _ ( Z‘) ’

corresponds to the binding energy necessary to remove the electron to spatial
infinity.

The interaction of the electron with the quantized electromagnetic field
is accounted for by adding to —A — «Z/|z| the photon field energy operator
Hy, and an operator I(a) which describes the coupling of the electron to the
quantized electromagnetic field, yielding the so-called Pauli-Fierz operator
(see details in Section 2).

In this case, the binding energy is given by

ol
||

S0 — X :=infspec( —A+H;+1I(a)) — infspec( —A— +Hp+1())
(1.1)

The free infraparticle binds a larger quantity of low-energetic photons than

the confined particle and thus possesses a larger effective mass. In order

for the particle to leave the potential well, an additional energetic effort is
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therefore necessitated compared to the situation without coupling to the
quantized electromagnetic field.

It remains a difficult task, however, to determine the binding energy.
There are mainly two difficulties. The first is that the ground state energy
is not an isolated eigenvalue of the Hamiltonian, and can not be determined
with ordinary perturbation theory. The second is due to the infrared prob-
lem in quantum electrodynamics whose origin is in the photon form factor in
the quantized electromagnetic vector potential occurring in the interaction
term I(«), that contains a critical frequency space singularity.

The systematic study of the Pauli-Fierz operator, in a more general case
involving more than one electron, was initiated by Bach, Fréhlich and Sigal
3, 4, 5].

Later on, several rigorous results [15, 18, 16, 12, 14, 6, 17, 2, 7, 8, 10,
19, 11] have been obtained addressing both qualitative and quantitative
estimates on the binding energy and the ground state energies ¥y and X
occuring in (1.1).

The case of spinless particle attracted most of the attention since the
additional spin-Zeeman term /ao-B(z) in the case of a spin 1/2 particle
induces substantial technical difficulties for quantitative estimates. From a
rigorous point of view, if one takes into account the spin of the particle, it
is not clear of what order the first correction in powers of the fine structure
constant « is. This question is sensible since both the self-energy ¥ and the
ground state energy ¥ for Hydrogen atom, up to a normal ordering constant,
are of the order o2 in the case of a spinless particle (see [7, 8, 10, 17] and
references therein), whereas in the case of an electron, i.e. a spin 1/2 particle,
they are proportional to « (see e.g. [16, 12, 11] and references therein). In the
latter case, though, the binding energy is still expected to be proportional
to o? in the leading order. This fact together with the upper bound on the
contribution of the spin-Zeeman term to the binding energy will be proved
by the authors in a subsequent paper; see also Remark 2.2.

In the present paper, we prove Theorem 2.1 which gives a lower bound
on this contribution.

2. Model and main result

We study an electron, i.e., a spin 1/2 particle, interacting with the quan-
tized electromagnetic field in the Coulomb gauge, and with the electrostatic
potential generated by a nucleus.

The Hilbert space accounting for the Schrédinger electron is given by
$He = L*(R3?) ® C2. Here R? is the configuration space of the particle, while
C? accommodates its spin.
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The Fock space of photon states is given by

= @%’nv

neN

where the 0-photon space is §g = C, and for n > 1 the n-photon space
Sn=Q~ (L2(R3) ® (CQ) is the symmetric tensor product of n copies of one-
photon Hilbert spaces L?(R3) @ C2. The factor C? accounts for the two
independent transversal polarizations of the photon.

On §, we introduce creation and annihilation operators aj(k), ax(k)
satisfying the distributional commutation relations

[ax(k), aX (K')] = oax (k= K') . [ax(k), ax(K)] = [a}(k), a} (k') ] = 0.

There exists a unique unit ray €y € §, the Fock vacuum, which satisfies
ax(k)Qp =0 for all k € R and X € {1,2}.

The Hilbert space of states of the system consisting of both the electron
and the radiation field is given by

ﬁ:ﬁel(@%’-

We use atomic units such that A = ¢ = 1, and where the mass of the electron
equals m = 1/2. The electron charge is then given by e = \/a, where the
fine structure constant a has physical value about 1/137 and will here be
considered as a small parameter.

Similarly to the Pauli operator which acts on Hilbert space L?(R3, C?)
and describes the energy of a spin 1/2 particle interacting with classical
external magnetic field, the Pauli-Fierz operator we consider in this paper
is the Hamiltonian for a particle interacting with the quantized radiation
field (see [3, 4, 5] and references therein). For an atom with nuclear charge
Z =1, this operator is defined by

 (—iVe ® Iy + VaA(@)’ : + Vao-B() + V(@)@I; + [u@Hy, (2.1)

where V is the electrostatic potential.
The operator that couples a particle to the quantized vector potential is

Alz) = A" (z) + A" (2),

where

= [ S e @ an(ak,

A=1.2 R3 27’[’|]€|1/2

C k —ikx *
Z R3 27r|l<:||1/25/\(k)6 ¥ ® ay(k)dk,
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and where divA = 0 by the Coulomb gauge condition.
The vectors ey (k) € R? (A = 1, 2), are the two orthonormal polarization
vectors perpendicular to k,

(k2, —k1,0) k
51(k) = W and 82(]{?) = m /\61(I€)

The function ((|k|) implements an ultraviolet cutoff, independent of a,
on the photon momentum k. We assume ¢ to be of class C! and to have a
compact support.

The symbol : ... : denotes normal ordering and is applied to the operator
A(a:)Q. It corresponds here to the subtraction of a constant operator ¢ o, @,
with cno. = [A7(x), At (2)] = (2/7) [;° r|¢(r)]*dr.

The operator that couples a particle to the magnetic field B = curlA is
given by

B(z) = B~ (x) + Bt (x),

where

Z . 27T|k’1/2k x iex(k)e™ @ ay(k)dk,

Z . 2W|k’1/2k x iex(k)e ™ @ a(k)dk .

In Equation (2.1), 0 = (01, 09,03) is the 3-component vector of Pauli ma-

(01 (0 = (1 0
9T=\1 0)> 27\ o) 7 \o -1/

The Coulomb potential is the operator of multiplication by

trices

The photon field energy operator Hy is given by

Hf—Z/ (k[ () (k) dk

A=1,2

In the sequel, instead of the operator (2.1), we shall proceed to a change
of variables, and study the unitarily equivalent Hamiltonian

H= U(  (iV, ® Iy — VaA(z))’: +vao-B(z) + V(z) @I + Iel®Hf) U,
(2.2)
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where the unitary transform U is defined by
U= ein.x’

and

Pr= Y /k:aj(k)ak(k:)dk

A=1,2

is the photon momentum operator. We have
UiV, U* =iV, + Pr, UA(x)U*=A(0), and UB(z)U* = B(0) .

In addition, the Coulomb operator V, the photon field energy Hy, and the
photon momentum P; remain unchanged under the action of U. Therefore,
in this new system of variables, and omitting by abuse of notations the
operators I, and Iy, the Hamiltonian (2.2) reads

H=:((iVs — Py) — VaA(0))*: + vao-B(0) — % + Hp,  (2.3)

where : ... : denotes again the normal ordering.
The Hamiltonian for a free electron, i.e., a free spin 1/2 particle, coupled
to the quantized radiation field is given by the self-energy operator T,

(%

T=H-2=
|z (2.4)

= ((iVs — Py) — VaA((0))? : + vao-B(0) + Hy,

where we omit again the operators I.; and Iy.
This system is translationally invariant, that is, 7" commutes with the
operator of total momentum

Ptot:pel+Pf7

where p.; and Py denote respectively the electron and the photon momentum
operators.

Therefore, for fixed value p € R3 of the total momentum, the restriction
of T to the fibre space C? ® § is given by (see e.g. [13, 11])

T(p) = : (p— Py — VaA(0)) : +Vao-B(0) + Hy . (2.5)
Henceforth, we will write
A* = A*(0) and BT = B*(0).
The ground state energies of T' and H are respectively denoted by

Yo = infspec(7) and X = infspec(H),
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and the binding energy is defined by
Yo — 2.
It is proven in [1, 13] that
Yo = infspec(T(0)), and Xy is an eigenvalue of the operator T'(0) .

Our main result is the following,

Theorem 2.1. The binding energy fulfills the following inequality

1
202 2 g0? + (Wt elpnn) b + O(a'llogal),  (26)
where
oo 2 00 42 2
e = 2 <) dt and e(Zl) = 2 ()
371' 0 1+t ceman 37[' 0 (1+t)3

Remark 2.1. We recall that for the spinless Pauli-Fierz model it is known
(see [8] and references therein) that the binding energy is

1
o—X = 1 o® + eWMad + 0(at).
The above Theorem 2.1 thus shows that the spin-Zeeman term yields an
additional contribution of order at least o?.

Remark 2.2. In a forthcoming paper we will show that this result is op-
timal, namely that the inequality (2.6) can be turned into an equality, by
deriving a sharp upper bound for the binding energy up to the order 3.
This upper bound will coincide with the lower bound of the work at hand
and gives the correct coefficient of the order o in the expansion of the bind-
ing energy in powers of a. Such an estimate is much more involved than
the proof of the lower bound which requires only a construction of a trial
function. In addition to the problems encountered in the spinless case, there
are several additional difficulties when taking into account the spin-Zeeman
term. The degeneracy of the ground state in the spin case (see [21, 20] and
references therein) gives rise to technical difficulties. A more severe problem
for the proof of the upper bound is that the ground state energy g of the
self-energy operator 1" given by (2.4) is of the order o and not of the order
a? as in the spinless case ([11]). In addition, the photon number bound for
a ground state of H, which is a crucial estimate for the proof of the upper
bound, is only of the order «, instead of o in the spinless case.
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In the remainder, we will need the following notations. For n € N, let I1,,
be the orthogonal projection onto the subspace ¢ ®§;, of the space He RF,
and II>,, be the orthogonal projection onto the space $¢ ® <®k>n Sk>

On H. ® F, we define the positive bilinear form -

<U’ w>* = (Uv (Hf +P]%)w>7

and its associated semi-norm |[v][s = (v, v)..
Proof. To prove the theorem we will construct a trial function ¥*! such
that holds (Wil Frwtrial) /|| gtrial|2 < 53— 02/4 — (e 4 b)) 508 4
O(a*|logal).
Let
P:=1V,.

We denote by s the ground state of 7°(0) with the normalization con-

dition Ipfgs = QfT, where 1= <(1)
(see(A.3)-(A.4) in Theorem A.1 for detailed definiton and properties of 0gs),

and let

> is the normalized spin up component

O = Uq X GGS
For I'; defined as in (A.1) by

Iy := —(Hy+ Pf)"'o- BT ®Qy,

and u, the normalized ground state of the Schrodinger operator —A —a/|z,

L 50 _ala|/2
Uy = ——a3%e ) 2.7
- (2.7)
we set
Qo= 2P Py (Hp+Pf) lug ® T, (2.8)
and
T, = 2X(a7oo)(Hf)(Hf+PJ%)71P'A+U04T ®Qf7 (2.9)

where X(q, o) (Hy) is an infrared cutoff and x(q, ) is the characteristic func-
tion of (a, 00).
Let us define the following trial function

pirial — g 4 aéfba + a%Ta .
The state U2 has only non zero vacuum and one-photon component, i.e.,
H>2\Ptrial — 0

In comparison with the trial function used in the spinless case [8] to recover
the estimate up to the order o, with error o, the function U@l differs
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in two points. First we pick now the state Oys as the ground state of the
translation invariant operator 7'(0) with spin. Second, we have an additional

vector ®, at the origin of the e(ZL)eman a? term in (2.6).

From the definition of H, expanding (2.3) and taking into account the
normal ordering, we obtain

H=(~A— )+ (H;+P})—2P-P;—4a?ReP- A~
|z (2.10)
1 1
+4a2P;- A” +20AT - A7 +2a(Re A7)? +2a2Reo - B~
We shall use this expression to estimate all terms occurring in

<\I/trial H \I/trial>

) ) , ) (2.11)
- <@—|—oﬁ<ba+a§Ta, H <@+a5¢>a+a§Ta>> .

Step 1. We first compute the direct terms (©, HO), (a%QQ,Ha%CI)a>
and (a%TQ, Ha%'fo).

Since g is a ground state vector of T'(0), and using orthogonality be-
tween the components of Pu, and u,, we have

<@a H@> = <ua‘9GSa Hua9G8>

(0%
= |[ual*(Bes, T(0) bas) + l|0as | (wa, (—A —

m)““> (2.12)
052
= (o= plel*.

Using that for i, j, k € {1, 2,3}, Oua/0x; and 9*uy/(dx;0y) are or-
thogonal, and the fact that non particle conserving operators have mean
value zero in the state @, yields

(02®,, Hazd,)
= <aéq>a, <—A— % + (Hy+P}) + aA.A+> aécpa> (2.13)
x
= af|®al + O(a?),
where the last inequality holds since ||Pu,| = O(«), ||(-A — %)Puaﬂ =
O(a?).
Using the same arguments as above, and the fact that
_ 1
I(Hy + PF) ™ X(a,00) (H)(AT) 7 ©Qf]| = O(|log az)
the last direct term can be estimated as
<a%Ta, Ha%’fa>
= <aéra, (—A - L (Hf+ P+ aA—-A+> aéra>

|| (2.14)
= 0(a’loga) + a (Yo, (Hf + P7)Ys) + O(a)

— || T2 + O(a']logal).
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Step 2. We compute in (2.11) the cross terms with ®, and Y,. Using
as above the estimates ||(Hy + P]%)*lx(m o0) (Hp)(AT);Q41 || = O(]log a]%),
| Pua| = O(a), and [|(—=A — %) Pugy| = O(a?) yields

Tl

(0300, (<A = )ad L) + a3 Vo, (~A = )asda) = O(a’ | logal?).
(2.15)
Due to Lemma B.1 (see Appendix B) holds
(@@, (Hf + PHa3 o) + (a2 Yo, (Hf + PFaz®,) = 0. (2.16)

1
Furthermore, |[A™®q[| < ¢||®a] = O(a) and [[A™Yo|| < ¢|[Hf Yol =

O(«) implies
(aééa, 20AT - A_a%Ta) + <a%Ta, 20AT - A_a%CI)a>

(2.17)
<4QP(|AT D, |AT Yol = O(a?).

In addition, due either to the symmetry of u, or the occurrence of non-
particle conserving terms, all other cross terms with @, and T, in (2.11)
are equal to zero. Therefore, collecting (2.15)-(2.17) we get

(@2®y, Ha? o) + (a2 Ta, Ha2d,) = O(a). (2.18)

Step 3. We estimate in (2.11) the cross terms involving ®, and © =
Ocsta. Only terms coming from —2ReP - Py and —4Re 2P - A~ can a
priori contribute since other terms are zero due to the symmetry of ug.

The contribution of —2Re P - Py is

—2Re (IO, P - Prd,) — 2Re (¥, P - P;I1,0) .

We write II1© as (aéylFl + I3 R)us, where R and v, are defined by
(A.3) and (A.4) in Theorem A.1l. This implies

— 2Re (I,0, P- P;d,) — 2Re (04, P - P11 0)

— —4Re <(a%71r1 + T R)ua, P P23 (Hy + P?)~'P. Pfrlua>
= —8aRe 1 (P - Pil1ua, (Hy + P7)"'P - PT1u,)

—8a7Re (Puq - PfILR, Pu, - (Hy + P}) ™' PTy)

> —2aRe a2 - call Puq|? | PAILTy |

= —2a[|®4 )7 + O(a?),

(2.19)

where in the last equality, we used [|Pua|| = O(a) and from (A.5) of Theo-
rem A.1 that |y — 1| = O(«) and ||ILi R||« < ||R]]« = O(a%).
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The contribution of —404%Re P.A™ is

— 4a7Re (IO, P- A~®,) —4a?Re (®,, P A T,0)
— —da?Re (P ATT1,©, B,)

— 4a?Re <2aép - P(Hf + P})"'Tiug, P- A (a2l + HQR)ua> (2.20)

— —4a?Re (P- ATQpuat, @)
— 8a°Re2(Puq - Py(Hy + P§)"'T'1, Pug - ATy)
— 8aRe (Pug - Py(Hy + P7)"'T'y, Pug - ATIIR) = O(a?),

where in the fourth inequality we used ||Puy || = O(a), ||ATILR|| < c||II2R]« =
O(a%) from (A.5) in Theorem A.1, and (P - ATu,T ®Qf, ®,) = 0 from
Lemma B.1.

The estimates (2.19) and (2.20) yields

(@2®,, HO) + (O, Hard,) = —2a|®u |2 + O(at) . (2.21)

Step 4. We next estimate in (2.11) the cross terms involving T, and
© = Ogsuq. As in the previous step, only terms coming from —2Re P - Py

and —4Rea?P - A~ can a priori contribute since other terms are zero due
to the symmetry of u,.
The contribution of —2Re P - Py is

— 2Re (IO, P- Pja2Y,) — 2Re (a2 Yy, P - P;O)
= —4Re <(a%fylF1 + 1L R)ug, P - Pfa%'fo)
= —2aRe (2P - Pf(Hy + P})'T1ua, Ta)s — 4a7Re (Pu, - P R, To)
= 0(a?)
(2.22)

where we used (2P - Py(Hy + P7)"'T1tia, Ta)s = (Pa, Ta)s = 0 due to
Lemma B.1, and ||Pu,| = O(«), [|Tal = O(e) and ||PAILR| < ||R]« =
O(a?) (Theorem A.1).

The contribution of —4a2Re P - A~ is

— 4a2Re (I1yO, P- A~a2Y,) — 4a2Re (a2 Yo, P - A"11,0)
= —2aRe (2P - ATu,t @Q¢, To) —4aRe (Yq, P- A (ay2l's + IIaR)uq)
= 20| Yo ¥ + O(a),

(2.23)

where we applied in the last equality ||Puq| = O(a), [|[Tol = O(a) and
3
AT R|| < ¢f|R][« = O(az).
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Equations (2.22) and (2.23) implies
(@2 o, HO) + (0, HazTs) = —2a|Tal2 + O(a?). (2.24)
Step 5. Collecting all above estimates (2.12), (2.13), (2.14), (2.18), (2.21)
and (2.24) yields

. . 2
(gtrial - prgtrialy — (3 — %)H@]F — a||®a |2 — al|Tal? + O(at)  (2.25)

To conclude 1the proof, we need to normalize the above expression. First
note that (0, a2(®, + Y4)) = 0 due to orthogonality of u, and dus/0z;
( =1, 2, 3). Therefore

w22 = [|O]* + af| ®a + Yol
= [|0]> + O(a’|logal)
since || ®a + Yol = O(allogal?).

This yields

<\I,trial’ H\I,trial>
¥ < -
— ||\I;tr1al”2
a2
_ S0 —PlIOI? — al|®al2 — ol TalZ + Oa?) (2.26)
19]|? + O(a?|log al)

2
(0]
= (%0 — ) — all@all? - allYa] + O(at logal),

where we used [|©]|?> = 14+ O(a) (see Theorem A.1), ¥¢ = O(a), ||Pa|l+ =
O(a), and ||T4|« = O(«).

To conclude the proof, it suffices to replace || @4« and || Ta||« by their
expressions in Lemma B.2. O

A. ground state of T'(0)

To define the trial function ¥ in the proof of Theorem 2.1, we need some
properties derived in [11] for the ground state of the self-energy operator
with total momentum zero 7'(0). For convenience of the readers, we remind
here these properties.

Theorem A.1. Let
I'y:=—(Hy+ P§)"'o- BT @Qy (A1)
and

Iy=—(Hf+P})~ " (0-BTTy + 24T-PTy + AT AT Q) . (A2)
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We have
inf spec(7°(0))
= —a|[T1)Z + o (2 ATy = Tofl7 + [IT1)2 IT1]?) + Oe?).

In addition, let 045 be the ground state of T'(0) such that lgfgs =1 @€.
Taking the (., .).-orthonormal projections of 05 along the vectors 'y and
Iy, and denoting by R the component in the (., .).-orthogonal complement
of their span, we get

Oes =1 ®Qf + a2yl + ayely + R (A.3)
where fori=1,2

(I's, R)» =0 and (1T ®Q, R)=0. (A4)
Then, we have

M —1]=0(a), |y —1]=0(a?),

3 (A.5)
IR|. = O(a?) and |R]|=0O(a).

B. Technical results

Lemma B.1. For @, defined by (2.8) and I'y defined by (A.1), we have for
all o >0

(P - ATugt @0, @) =0 and (P, To)sx =0.

Proof. This is a straightforward computation. O

Lemma B.2. For @, defined by (2.8) and Y, defined by (2.9), we have for
all o >0
20[2 oo t2 <2(t)

Dyl2 = "—
1%all: 3m Jo (1+1¢)3

202 % (1)
dt d || Tal?=5— dt %).
Cand a2 =55 [ 5B+ 0

Proof. This is a straightforward computation using the definition of ®,,
and T, and the fact that (see e.g. [9])

—/k? + k3
0

o BT R0 = M ki+iks)ks

)

1
27| k|2 Yk%“f%
|k[(—ka2+1ik1)
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and

k2+ kllkki?)
(Hy+ Py targ, = SURD —ky + ks
2m (k|2 (|k|? + k)R + k3 \ (k3 +k2)
%]
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