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Introduction

The topic of repeating segments in words is one of major interest in combinatorics on words. The topic has been studied for more than a century
by many authors after the seminal work [9] which described infinite words
containing no consecutive occurrences of the same factor.
Beyond the theoretical aspect of questions related to redundancies in
words, repetitions, also called repeats in the following, are often the base for
string modelling adapted to compression coding. They play an important
role in run-length compression and in Ziv–Lempel compression, e.g., [4].
Moreover, repetitions receive considerable attention in connection with the
analysis of genetic sequences. Their occurrences are called tandem repeats,
satellites or SRS and accept some notion of approximation. The existence
of some palindromic repeats is crucial for the prediction of the secondary
structure of RNA molecules influencing their biological functions, see [5].
Repetitions are composed of consecutive occurrences of the same factor.
Their occurrences have been extended to runs [8], maximal periodic factors,
and their number has been shown to be less than the word length n [3] (see
also [6]) and even further less than 22n/23 [7].
In this article we consider factors that repeat non consecutively in a
given word of length n. They are of the form uvu, where u is their longest
border (factor occurring both at the beginning and end of the word). Their
exponent, defined as the ratio of their length over their smallest period
length, that is, |uvu|/|uv|, is smaller than 2. The number of occurrences of
these factors may be quadratic with respect to the word length even if they
are restricted to non extensible occurrences. This is why we focus on factors
having the maximal exponent among all factors occurring in a square-free
word. They are called maximal-exponent factors, MEFs in short, and thus
have all the same exponent.
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The first attempt to count the number of occurrences of MEFs is done
in [2]. In there, authors restrict themselves to considering square-free words,
and prove that this number is upper bounded by 2.25n. They also give an
example of a word containing 0.66n such factors. The reason for restricting
the question to only square-free words, words that contain no factor with
an exponent at least 2, comes from the question related to the maximum
number of runs in a word. If the word contains squares, the maximal exponent of factors is at least 2 and MEF occurrences become runs whose largest
number is known to be less than the word length (see [3, 6, 7]).
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Results

Considering the interactions between MEFs with borders that are not double
one each other, and have a quite long overlap, we prove the following result.
Theorem 2.1 There are less than 4n/b occurrences of MEFs with maximum
length border at least b in a length n word.
As a direct consequence of Theorem 2.1, one can count the number of
MEFs with border length at least b for any positive b. We choose b = 8 in
this paper because of the way we structured the counting of all MEFs.
Corollary 2.1 There are less than n/2 occurrences of MEFs with border
length at least 8 in a word of length n.
Next, we look at the positioning of overlaps between two MEFs, one of
which has border length twice of the other.
Proposition 2.1 There are at most 2n/(2` + 1) MEFs with border lengths
` and 2` in a word of length n.
Following Proposition 2.1 there are at most 2n/3 MEFs with border
lengths 1 and 2, 2n/5 MEFs with borders 2 and 4, 2n/7 MEFs with borders
3 and 6, and so on. Next lemma is a further refinement on the number of
MEFs with border lengths that are small and exponentially increasing.
Lemma 2.1 Every word of length n contains at most 4n/5 MEFs with the
border length in the set {1, 2, 4}.
Next result is a summation of the previous ones and represents the final
stride towards improving the upper bound on the number of MEFs.
Theorem 2.2 There exist at most 1.8n number of occurrences of MEFs in
a word of length n.
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Although the upper bound in Theorem 2.2 is true in general, this bound
can be further improved when special cases of MEFs are considered.
Lemma 2.2 There are at most n occurrences of maximal-exponent factors
in a word of length n, whenever the maximal exponent is greater than 1.5.
Theorem 2.3 Every length n word contains at most n occurrences of MEFs
whenever the length of these factors is not a multiple of their longest border.
We end with an example of a construction that generates a word that
has a ratio of 5/6 of MEF occurrences relative to its length with the maximal
exponent 10/9. This improves the result presented in [1, Section 6.2].
In the following we consider the fixed alphabet
Σ = {a1 , a2 , a3 , b1 , b2 , b3 , b4 , c1 , c2 , c3 , c4 , d1 , d2 , d3 , d4 , e1 , e2 , e3 , e4 },
and the infinite alphabet
Σ∞ = {f1,1 , f2,1 , . . . , f8,1 , f1,2 , f2,2 , . . .}.
We define the following sequence for i > 0:
u(1,i) = a1 b1 c1 a2 d1 a3 b2 e1 f1,i

u(2,i) = a1 b3 c2 a2 d2 a3 b4 e1 f2,i

u(3,i) = a1 b1 c3 a2 d3 a3 b2 e2 f3,i

u(4,i) = a1 b3 c4 a2 d4 a3 b4 e2 f4,i

u(5,i) = a1 b1 c1 a2 d5 a3 b2 e3 f5,i

u(6,i) = a1 b3 c2 a2 d6 a3 b4 e3 f6,i

u(7,i) = a1 b1 c3 a2 d7 a3 b2 e4 f7,i

u(8,i) = a1 b3 c4 a2 d8 a3 b4 e4 f8,i

and the infinite word Ω =

Q∞  Q8
i=1


u
j=1 (j,i) .

Proposition 2.2 The ratio between the length of the prefixes of Ω and the
number of occurrences of the MEFs they contain tends to 5/6.
Note that the maximal exponent of factors in Ω is 10/9 and that its
construction can be extended to whatever exponent of the form (2` +2)/(2` +
1), in a similar fashion. It is also our belief that this construction can be
generalised as to generate, for any integer `, an infinite word Ω` in which
every MEF has a border length of the form 2i , i ≤ `, and whose asymptotic
number of MEF occurrences per position grows very closely to 1 with `.
Finally, observe that letters fj,i occurring in Ω can be drawn from an
11-letter alphabet disjoint from Σ. To do so, it suffices to replace the infinite subsequence of fj,i by an infinite sequence whose maximal exponent
of factors is 11/10, Dejean’s repetitive threshold of the alphabet. No MEFs
considered in the previous proof will be affected.
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